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For the asymmetrical Laue case the X-ray plane-wave transmission and
reﬂection coefﬁcients and rocking curves are analysed as a function of the
deviation angles from the exact Bragg orientation in the diffraction plane and in
the direction perpendicular to the diffraction plane. New peculiarities of the
rocking curves are obtained. The peculiarities of both the effective absorption
coefﬁcient and rocking curves in thick crystals are also investigated.

1. Introduction
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The reﬂection and transmission coefﬁcients on the exit surface
of a perfect crystal with a planar entrance surface are functions of the thickness, the asymmetry angle and the deviation
from the exact Bragg angle. After ﬁxing the thickness and the
asymmetry angle the reﬂection and transmission coefﬁcients
become functions of the deviation angle from the exact Bragg
direction. This dependence is called the rocking curve. X-ray
plane-wave rocking curves are well known – see the works of
Authier (2001), Pinsker (1982) and the references cited
therein. Kato et al. (1971, 1972), Saka et al. (1972a,b, 1973),
Saka (2016a,b) investigated the rocking curves using the
Riemann surface. In Saka (2016a,b) the resonance scattering
case is also investigated for both the Laue and Bragg
geometries of diffraction. In Mocella et al. (2000) the concept
of a locally plane wave is described, which allows one to obtain
the rocking curves. The radiation from a source placed at a
large distance from the crystal is considered. The intensity
distribution on the exit surface of the crystal in this case is
equivalent to the rocking curve of the incident plane wave.
Usually the deviation in the plane containing the normal to
the entrance surface of the crystal (diffraction plane) is
considered. However the incident wave wavevector may have
a component perpendicular to the diffraction plane. In Balyan
(2014a,b) a theory is given where the two-dimensional
curvature of the incident wavefront is taken into account. In
Balyan (2014c) this theory in the locally plane-wave approximation and in the symmetrical Laue case is applied for
investigation of the rocking curves depending on two deviation angles from the Bragg condition: the deviation in the
diffraction plane and in the direction perpendicular to the
diffraction plane. In Balyan (2017), the theory given in Balyan
(2014a) is applied for the plane-wave symmetrical Laue case
to obtain the rocking curves depending on two deviation
angles.
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In this work based on the theory given in Balyan (2014a,b)
the dependence of the plane-wave rocking curve on two
deviation angles in the asymmetrical Laue case is investigated.

2. Basic formulas
For convenience and clear understanding in this section we
brieﬂy describe the theory given in Balyan (2014a,b) and
present the main formulas taking into account the twodimensional curvature of the front of the incident wave.
Hereafter in this article we use the deﬁnition ‘diffraction
plane’ in the sense of Takagi’s equations (Takagi, 1962, 1969).
The transmitted and diffracted waves have wavevectors K0
and Kh ¼ K0 þ h satisfying the exact Bragg condition:
jK0 j2 ¼ jKh j2 ¼ k2 ¼ ð2=Þ2 , where  is the wavelength and
h is the diffraction vector for the given reﬂection. The plane
formed by the wavevectors K0 and Kh is called the diffraction
plane. This plane contains the normal to the entrance surface
of the crystal. The estimates given in Gabrielyan et al. (1989)
and Levonyan & Balyan (1993) show that, if one considers the
observation points having the deviation from the diffraction
plane of the order of Ls ðjhr jÞ1=2, the second derivatives of the
amplitudes in the dynamical diffraction equations in the
direction perpendicular to the diffraction plane must be taken
into account (usually the y coordinate). Here Ls is the distance
from the source to the crystal, jhr j is the modulus of the
crystal susceptibility’s real-part Fourier component for the
given reﬂection. Thus, in this case, instead of Takagi’s equations (Takagi, 1962, 1969), the following dynamical diffraction
equations in a perfect crystal must be used (Gabrielyan et al.,
1989):
@2 E0
@E
þ 2ik 0 þ k2 h Eh C ¼ 0;
2
@y
@s0
@2 Eh
@Eh
þ 2ik
þ k2 h E0 C ¼ 0;
@y2
@sh

ð1Þ

of the crystal susceptibility for the given reﬂection h, C is the
polarization factor, which is equal to 1 for  polarization and
cos 2 for  polarization,  is the Bragg angle. Hereafter C ¼ 1
is taken. For  polarization h;h ! Ch;h must be assumed in
the obtained formulas. In Balyan (2014a) the retarded Green
function of the task (1) is found:



1=2
exp½ið=4Þ 2k cos 
ðy  y0 Þ2 cos 
Gðr  r Þ ¼
exp ik
8k2 sin 2
Z  Z0
2ðZ  Z0 Þ


0 2
2
0 2 1=2
 J0 ½ðZ  Z Þ tan   ðX  X Þ 


 HðZ  Z0 ÞH ðZ  Z0 Þ tan   X  X 0  :
ð2Þ
0

Here r and r0 are the coordinates of the observation point and
a point on the integration surface, respectively, the axis OX is
anti-parallel to the diffraction vector h, the axis OZ lies along
the reﬂecting planes inside the crystal in the diffraction plane,
the axis Oy is perpendicular to the diffraction plane OXZ
(Fig. 1),  ¼ kðh h Þ1=2 =2 sin ,  is the Bragg angle, J0 is the
zero-order Bessel function, H is the Heaviside step function.
Using the Green function the solution of equation (1) for the
amplitude of the diffracted wave inside the crystal in the Laue
case is presented in the form (Balyan, 2014b)
R
Eh ðrÞ ¼ 2ikh 0 k2 Gðr; x0 ; y0 ÞE0 ðx0 ; y0 Þ dx0 dy0 ;

ð3Þ

S

where 0 ¼ cosð þ Þ and  is the asymmetry angle (Fig. 1).
This angle is positive when the reﬂecting planes are turned in
an anti-clockwise direction with respect to their positions
(perpendicular to the entrance surface) in the symmetrical
case. The integration in equation (3) is performed along the
entrance surface S of the crystal. For a crystal with a ﬂat
entrance surface the coordinate system Oxyz connected with
the entrance surface of the crystal is introduced (Fig. 1). The
coordinates in the introduced two coordinate systems are
connected by the transformation rule:

where E0 and Eh are the amplitudes of the transmitted and
diffracted waves, respectively, s0 and sh are the coordinates
along the propagation directions of the transmitted and
diffracted waves, respectively, h;h are the Fourier components

X ¼ x cos   z sin ;
Z ¼ x sin  þ z cos :

ð4Þ

Figure 1
Geometry of the asymmetrical X-ray Laue diffraction. The axis Oy is
perpendicular to the diffraction plane Oxz, the wavevectors K0 and Kh
satisfy the exact Bragg condition and lie in the diffraction plane.
Acta Cryst. (2018). A74, 204–215

Figure 2

The components of the incident wavevector Ki0 .
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3. Rocking curve dependence on two deviation angles
We consider the situation when the crystal may be rotated
around two axes: Oy and Oz. The rotation around the Oy axis
in the plane Oxz has the standard deviation , which we will
assign as k. In this case the wavevector Ki0 of the incident
wave also has a y component (Fig. 2). The components of
i
i
¼ k sinði þ Þ cos , K0y
¼ k sinði þ Þ sin ,
Ki0 are K0x
i
i
i
K0z ¼ k cosð þ Þ. Here  þ  is the angle between the
wavevector and the Oz axis and  is the rotation angle of
the crystal around the Oz axis (Fig. 2).  is positive when the
rotation of the crystal is performed in a clockwise direction
i
is positive). We have also
(K0y
k ¼ i  

ð5Þ

and i is close to the Bragg angle. The electrical ﬁeld strength
of the incident wave is Ei0 expðiKi0  rÞ. From the boundary
conditions on the entrance surface one may write
Ei0 exp iKi0  r0 =z0 ¼0 ¼ E0 expðiK0  r0 Þ


 x0 sin 
=z0 ¼0 ;
 exp ik 0
2 cos 

ð6Þ

where 0 is the zero-order Fourier component of the crystal
susceptibility and K0 has components K0x ¼ k sinð þ Þ,
K0y ¼ 0, K0z ¼ k cosð þ Þ (the plane formed by K0 and
Kh ¼ K0 þ h is the diffraction plane). From equation (6)

 

2
i
0
0
sinð þ Þ x þ sinð þ Þy
E0 ¼ E0 exp ik 0 k 
2


 x0 sin 
;
ð7Þ
 exp ik 0
2 cos 
where using the smallness of the angle  we take
cos  ’ 1  2 =2, sin  ’ . According to equation (4), in
equations (6) and (7), i.e. on the entrance surface, Z0 ¼ x0 sin 
is used. Inserting equation (7) into equation (3) ﬁrst the
integration over y0 in the inﬁnite limits is performed. This
integral has the following form:

1=2
exp½ið=4Þ 2k cos 
Qðr; x0 Þ ¼
8k2 sin 2 Z  x0 sin 


Zþ1
ðy  y0 Þ2 cos 

exp ik
2ðZ  x0 sin Þ
1

 exp½ik sinð þ Þy0  dy0 ;

ð8Þ

where Z0 is placed by its value via x0 according to equation (4)
and to simplify the formulas for now we use Z bearing in mind
that Z must be placed by its value via x and z according to the
second equation of (4). In equation (8) making the notation
y0  y ¼ y00 and using the corresponding tabular integral
(Prudnikov et al., 1998) one ﬁnds
Qðr; x0 Þ ¼
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1
exp½ik sinð þ Þy
4k2 sin 2


k sin2 ð þ Þ2
ðZ  x0 sin Þ : ð9Þ
 exp i
2 cos 
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Inserting equation (9) into equation (3) for the amplitude of
the diffracted wave we have


ikh 0 Ei0
k sin2 ð þ Þ2
Eh ðrÞ ¼
exp i
Z
2 sin 2
2 cos 
 exp½ik sinð þ Þy

 
Zþ1
0 ð1  bÞ 0
x

exp ik0  
2b sin 2
1

 Gst ðr; x0 Þ dx0

ð10Þ

where we use the notation
n
Gst ðr; x0 Þ ¼ J0  ðZ  x0 sin Þ2 tan2   ðX  x0 cos Þ2

1=2

o

 HðZ  x0 sin ÞH½ðZ  x0 sin Þ tan 
 jX  x0 cos j:

ð11Þ

b ¼ 0 =h , h ¼ cosð  Þ, X and Z must be expressed via x
and z according to equation (4). The integral in the expression
of the amplitude of the diffracted wave [equation (10)] has the
same form as in the Laue case in Takagi’s theory (Takagi, 1969;
Authier, 2001; Pinsker, 1982) but with the improved deviation
angle from the exact Bragg orientation,
 ¼ k þ ? ¼ k 

sinð þ Þ cos  2
;
2
cos 

ð12Þ

and with the improved phases before the integral. The total
deviation angle [equation (12)] has two components: the
deviation k in the diffraction plane Oxz and the deviation
? ¼ ½sinð þ Þ cos = cos ð2 =2Þ in the direction perpendicular to the diffraction plane.
The explicit form of equation (10) is (Authier, 2001)


ikh 0 Ei0
k sin2 ð þ Þ2
exp i
ðz cos  þ x sin Þ
Eh ðrÞ ¼
2 sin 2
2 cos 
 exp½ik sinð þ Þy
xþz Z
tanðÞ




 
 ð1  bÞ 0
x
exp ik0   0
2b sin 2

xz tanðþÞ

 J0


ð0 h Þ1=2 2
½L  ðx0  xc Þ2 1=2 dx0 ;
cos 

ð13Þ

tanð  Þ  tanð þ Þ
zð1  b2 Þ
¼x
2
2b sin 2

ð14Þ

where
xc ¼ x þ z

is the x coordinate of the middle point of the integration
region in equation (13),
2L ¼ z½tanð  Þ þ tanð þ Þ ¼

z sin 2
0 h

ð15Þ

is the length of the integration region in equation (13).
Note that, for simplifying the expressions, the relations
sin  ¼ ðh  0 Þ=ð2 sin Þ and cos  ¼ ðh þ 0 Þ=ð2 cos Þ are
often used. Using the transformation of the integration variable
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x0 ¼ x00 L þ xc

ð16Þ

equation (13) can be presented in the form
Eh ðrÞ ¼

h k sin2 ð þ Þ2
ikh 0 Ei0 L
exp i
2 sin 2
2 cos 

i
 ðz cos  þ x sin Þ þ ik sinð þ Þy

 
0 ð1  bÞ
 exp ik0  
x
2b sin 2 c

 
Z1
 ð1  bÞ 00
x

exp ik0 L   0
2b sin 2
1


z
00 2 1=2
dx00 ;
 J0
ð1  x Þ
0

ð17Þ

where
0 ¼

ð0 h Þ1=2
:
ðh h Þ1=2

ð18Þ

Note that Re0 is the Pendellösung distance (Authier, 2001).
The integration in equation (17) allows the solution of the
standard plane-wave dynamical diffraction theory (Authier,
2001; Pinsker, 1982) with improved deviation parameter and
phases. Multiplying the result by the refraction factor
expðik0 Z=2 cos Þ one ﬁnds


0 Z
0
Eh ðrÞ ¼ Eh ðrÞ exp ik
2 cos 
 1=2  1=2

h
sin ðz=0 Þð1 þ p2 Þ1=2
expði0 Þ
;
¼ iEi0 0
h
h
ð1 þ p2 Þ1=2
ð19Þ
where




0 z 1 1
1
2
z tan 
 k sinð þ Þ x þ
0 ¼ k
þ
ð1 þ bÞ
2
2 2 0 h
2


zð1  b2 Þ
þ k sinð þ Þy;
þ k0 k x 
2b sin 2


  ½0 ð1  bÞ=2b sin 2 sin 2
:
ð20Þ
p¼
ðh =0 Þ1=2 ðh h Þ1=2

The amplitude E0 is obtained using the second equation of (1)
and expression (19) of Eh ðrÞ. Multiplying the result by the
refraction factor expðik0 Z=2 cos Þ we have


Z
E0 0 ðrÞ ¼ E0 ðrÞ exp ik 0
2 cos 
#
"
z
sin ðz=0 Þð1 þ p2 Þ1=2
i
2 1=2
:
¼ E0 expði0 Þ cos  ð1 þ p Þ  ip
0
ð1 þ p2 Þ1=2
ð21Þ

The transmission and reﬂection coefﬁcients are deﬁned using
equations (19) and (21):
Acta Cryst. (2018). A74, 204–215

 0 2



E 
z 1
1
Tðk ; Þ ¼  0 2 ¼ exp 
þ
Ei0 
2 0 h
2


z
sin ðz=0 Þð1 þ p2 Þ1=2 

2 1=2
 cos  ð1 þ p Þ  ip
;


0
ð1 þ p2 Þ1=2
 0 2






E  
 
z 1
1
Rðk ; Þ ¼  h 2 h ¼  h  exp 
þ
Ei0  0
h
2 0 h


sin ðz= Þð1 þ p2 Þ1=2 2


0
ð22Þ

:


ð1 þ p2 Þ1=2

Here ¼ k0i is the linear absorption coefﬁcient and 0i > 0
is the zero-order Fourier coefﬁcient of the imaginary part of
the crystal susceptibility.
According to equation (22) the transmission and reﬂection
coefﬁcients are symmetrical functions of . The results of the
standard theory may be obtained from equation (22) taking
 ¼ 0. In this case the value pr ¼ Re p ¼ 0 corresponds to the
value
k ¼

0r ð1  bÞ
 0
2b sin 2

ð23Þ

and the centres of the rocking curves are shifted by that value
with respect to the centres of the symmetrical case curves. This
shift is caused by the refraction and is zero for the symmetrical
reﬂection (b = 1).
In our case for a ﬁxed  the value pr ¼ Re p ¼ 0 corresponds to
k ¼

sinð þ Þ cos  2
þ 0 :
2
cos 

ð24Þ

Thus the shift of the centres of the curves is caused by both the
refraction and the rotation angle . For the symmetrical
reﬂection the shift is due to  only. If
k ¼

sinð þ Þ cos  2
þ 0 ¼ 0
2
cos 

ð25Þ

the shift is zero. It will be noted that 0r < 0. When b < 1 two
symmetrical values of  correspond to that condition. When
b > 1 the shift may be zero if sinð þ Þ < 0.
For k ¼ const: the value pr ¼ Re p ¼ 0 corresponds to
sinð þ Þ cos  2
¼ k  0 :
2
cos 

ð26Þ

Thus for each value k ¼ const: two symmetrical shifts of the
value pr ¼ Re p ¼ 0 on rocking curves as a function of  may
appear. If sinð þ Þ > 0 it follows that k  0 > 0 and
when sinð þ Þ < 0 it follows that k  0 < 0. These shifts
are caused by the refraction factor and k . For the symmetrical reﬂection the shift is caused by k only. This shift is
zero when k is given by equation (25).
The full width at half-maximum (FWHM) is deﬁned from
the condition p ¼ 2 (Authier, 2001; Pinsker, 1982). From this
condition for the FWHM depending on k one ﬁnds
( ¼ const:)
Minas K. Balyan
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k ¼ 2

 
hr 
b1=2

sin 2

:

ð27Þ

In the perpendicular direction (k ¼ const:) the FWHM
depending on  is
 1=2
hr 
 ¼ 2


b1=2 sin  cos sinð þ Þ

1=2

:

ð28Þ

As seen from equations (27) and (28) the FWHM in the plane
Oxz is proportional to jhr jb1=2 and in the perpendicular
direction is proportional to jhr j1=2 b1=4. Since for X-rays jhr j
is of the order of 105–106, then the FWHM in the perpendicular direction is by some orders of magnitude larger than in
the plane Oxz. As seen from equation (28)  has singularity
when  ¼  (tends to 1). This is obvious, since in this case
the beam falls perpendicular to the entrance surface and is
parallel to the Oz axis.

Figure 4
Figure 3
Reﬂection coefﬁcient’s dependence on two deviation angles for
z ¼ 4:5: (a)  = 60 , z ¼ 0:11, (b)  ¼ 0, z ¼ 0:24 and (c)  =
60 , z ¼ 0:11.
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Transmission and reﬂection rocking curve dependence on k for
z ¼ 4:5,  ¼  =2: (a)  = 60 , (b)  ¼ 0 and (c)  = 60 . The shifts
of the curves’ positions with respect to the positions of the standard
theory (k ¼ 0 ) are shown as a shift of the position pr ¼ 0.
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Note that, according to equations (12), (20) and (22), the
constant values of T and R lie on parabolas,
k 

sinð þ Þ cos  2
¼ const:
cos 
2

ð29Þ

ðk ; Þ ¼ Re

0
ð0 h Þ1=2


¼
ð1 þ p2 Þ1=2 hr ð1 þ p2r Þ1=2

ð30Þ

where p ¼ pr þ ipi. According to deﬁnition (20) of p
ð  0 Þ sin 2
;
ðh =0 Þ1=2 jhr j
 
hi 
0i ð1  bÞ
 :
pi ¼ pr   cos h 
hr
2bðh =0 Þ1=2 hr 

The values [equation (29)] correspond to the rotation of the
incident beam around the diffraction vector h. From equations
(12) and (20) it follows that the extinction length is a function
of two deviation angles,

pr ¼

ð31Þ

Here the susceptibilities’ Fourier coefﬁcients are presented as
hr ¼ jhr j expði h Þ, hi ¼ jhi j expði!h Þ and h ¼ h  !h . It
j0r j, jhi j
jhr j. As in the standard
is assumed j0i j
theory (Authier, 2001; Pinsker, 1982), according to equation
(22), the effective absorption coefﬁcient is

eff

¼


0:5ð01 þ h1 Þ


1
ðA

Bp
Þ
r ;
ð1 þ p2r Þ1=2

ð32Þ

1=2
where A ¼ 1
cos h, B ¼ 0:5ð01  h1 Þ, the
0i jhi jð0 h Þ
sign ‘+’ corresponds to the mode exp½izð1 þ p2 Þ1=2 =0  in
equation (22) and the sign ‘’ corresponds to the mode
exp½izð1 þ p2 Þ1=2 =0 . The dependence of eff on pr is the
same as in the standard theory, but here pr is a function of two
deviation angles. For thick crystals only the low absorbing
mode may be taken into account.

Figure 5

Transmission and reﬂection rocking curve dependence on  for
z ¼ 4:5, k ¼ 0 þ k =2: (a)  = 60 , (b)  ¼ 0 and (c)  = 60 .
The shift of the curves’ positions with respect to the positions for
k ¼ 0 is shown as two symmetrical shifts of the position pr ¼ 0 from
the position  ¼ 0.
Acta Cryst. (2018). A74, 204–215

Figure 6

Dependence of rocking curve FWHM on asymmetry angle : (a) k , (b)
 .
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Assuming that the low absorbing mode is
exp½izð1 þ p2 Þ1=2 =0  the formulas (22) may be written in the
form
2

½pr  ð1 þ p2r Þ1=2 
expð þ
eff zÞ;
4ð1 þ p2r Þ
 
 h 
1
  expð þ
Rðk ; Þ ’
eff zÞ:
2
4ð1 þ pr Þ h 

Tðk ; Þ ’

Figure 7

ð33Þ

Dependence of the extinction length on two deviation angles: (a)  =
60 , (b)  ¼ 0 and (c)  = 60 .
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Note that þ
eff has a minimum when cos h < 0 ðA < 0Þ, which
can be seen from equation (32) considering the symmetrical
reﬂection. The minimum of the effective absorption coefﬁcient þ
eff must be found depending on k and . The
conditions of the minimum are
@ þ
@ þ @pr
eff
¼ eff
¼ 0;
@k
@pr @k

Figure 8
Dependence of
(c)  = 60 .

Plane-wave rocking curves
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þ
eff

@ þ
@ þ @p
eff
¼ eff r ¼ 0:
@
@pr @

ð34Þ

on two deviation angles: (a)  = 60 , (b)  ¼ 0 and
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where " ¼ jhi j=0i. The minimum determined by equation
(36), according to equation (31), lies on the parabola

Two conditions (34) are fulﬁlled when
@ þ
eff
¼ 0:
@pr

ð35Þ

The condition (35), as in the standard theory (Authier, 2001;
Pinsker, 1982), is fulﬁlled for a certain value pr ¼ prm,
prm ¼ 

0:5ð01  h1 Þ
;
" cos h ð0 h Þ1=2

ð36Þ

km ¼

sinð þ Þ cos  2
p ð = Þ1=2 jhr j
: ð37Þ
þ 0 þ rm h 0
cos 
sin 2
2

The apex of the parabola has coordinates
 
prm ðh =0 Þ1=2 hr 
;
kap ¼ 0 þ
sin 2

ap ¼ 0:

ð38Þ

Figure 10

Figure 9

þ
eff

Dependence of
on k in the standard theory ( ¼ 0): (a)  = 60  ,
(b)  ¼ 0 and (c)  = 60 .
Acta Cryst. (2018). A74, 204–215

Dependence of þ
eff on k for  ¼  =2; the positions of minima are
shifted with respect to the positions in the standard theory: (a)  = 60 ,
(b)  ¼ 0 and (c)  = 60 .
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In addition, for each k ¼ const: the effective absorption
coefﬁcient, according to the second equation of (34) and the
ﬁrst equation of (31), has a stationary point at  ¼ 0. At
 ¼ 0 the second derivative is
@2 þ
eff
=
¼  jAj sinð þ Þ cos  cos1 ½1 þ p2r ðk ; 0Þ3=2
@2 ¼0
 ½pr ðk ; 0Þ  prm :
ð39Þ

When sinð þ Þ < 0 and the chosen k > ap then
2
pr ðk ; 0Þ > prm and @2 þ
eff =@ =¼0 > 0 and we have a
þ
minimum of eff at  ¼ 0. In the same way it will be seen that
for sinð þ Þ < 0 and k < ap there is a maximum of þ
eff
at  ¼ 0. For the case sinð þ Þ > 0 there is a maximum of
þ
eff at  ¼ 0 for k > ap and minimum for k < ap .
Thus, if sinð þ Þ < 0, for the values k > kap there is a
minimum of the absorption coefﬁcient at  ¼ 0 and for each
value k < kap there are two minima of the absorption
coefﬁcient for two symmetric values of  and a maximum at
 ¼ 0. If sinð þ Þ > 0 and k > kap there are two
symmetric minima and a maximum at  ¼ 0, and for
k < kap there is a minimum of the absorption coefﬁcient
at  ¼ 0. At the apex of the parabola there is a minimum. It
will be noted that for the given  there is a minimum at k
given by equation (37). For  6¼ 0 this minimum is shifted with
respect to the minimum of the standard theory and for  ¼ 0
there is no shift with respect to the position of the minimum of
the standard theory.
It is known (Authier, 2001; Pinsker, 1982) that in the general
case of thick crystals the positions of maxima of T and R of
equation (33) are slightly different from each other and from
equation (36). For a symmetrical reﬂection the position of the
maximum of R coincides with equation (36) and is zero.

4. Examples of rocking curves
For illustration of the above investigated peculiarities of the
rocking curves, let us consider the Si(220) reﬂection, Mo K
( = 0.71 Å) radiation. Silicon is a centrosymmetric crystal and
h ¼ , !h ¼ 0 and h ¼  can be taken.
The reﬂection coefﬁcient’s dependence on two deviation
angles [formulas (22)] for the thin crystal when two modes are
valid is shown in Fig. 3. It is seen that the constant values lie on
parabolas [equation (29)]. The curvature of the parabolas is
different for different . The shift of the rocking curves,
according to equation (24), for  ¼  =2 with respect to the
position of the standard theory is shown in Fig. 4 (pr ¼ 0 value
is shifted from the position 0 of the standard theory due to
 6¼ 0). The rocking curves for k ¼ 0  k =2 are

Figure 11

Dependence of þ
eff on  for a ﬁxed k . The positions of minima
correspond to the value pr ¼ prm : (a)  = 60 , k ¼ 3ap < ap ,
(b)  ¼ 0, k ¼ k =2 > ap and (c)  = 60 , k ¼ 3ap > ap .
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Figure 12


Dependence of þ
eff on  for a ﬁxed k ¼ 3ap < ap ,  = 60 ; there is
a minimum at  ¼ 0.
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shown in Fig. 5. In this ﬁgure the positions of pr ¼ 0, in
accordance with equation (26), are shown. The curves’
dependence on  consists of two curves, similar to the curves
in Fig. 4, which are shifted with respect to each other
symmetrically to the plane Oxz.
The FWHM dependence [equations (27) and (28)] on the
asymmetry angle is shown in Fig. 6. One can see the singularity
of  for  ¼ .
The dependence of the extinction length [equation (30)] on
two deviation angles is shown in Fig. 7. It is seen that the
constant values lie on parabolas [equation (29)].

The dependence on two deviation angles of the effective
absorption coefﬁcient þ
eff is shown in Fig. 8. It is seen that the
minima are placed on parabola (37). The dependence of þ
eff
on k for  ¼ 0 (standard theory) is shown in Fig. 9. The
dependence of þ
eff on k for  ¼  =2 is shown in Fig. 10.
Comparison of Figs. 9 and 10 shows the shift of the minimum
with respect to the position of the minimum of the standard
theory according to equation (37). It will be noted that for the
symmetrical case the dependence of þ
eff becomes asymmetrical due to nonzero  (Fig. 10b). The dependence of þ
eff on
 when there are two minima and between them a maximum

Figure 13

Figure 14

Dependence of T and R on k for the thick crystal z ¼ 102 and for
 ¼ 0 (standard theory): (a)  = 60 , z ¼ 2:58, (b)  ¼ 0; z ¼ 5:47
and (c)  = 60 , z ¼ 2:58.
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Dependence of T and R on k for the thick crystal z ¼ 102 and for
 ¼  =2: (a)  = 60 , z ¼ 2:58, (b)  ¼ 0; z ¼ 5:47 and (c)  =
60 , z ¼ 2:58.
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[the condition (35) at the minima and the second condition of
2
(34) with @2 þ
eff =@ =¼0 < 0 at the maximum are fulﬁlled]
is shown in Fig. 11. The dependence of þ
eff on  when
a minimum exists at  ¼ 0 is shown in Fig. 12 [the
second condition of equation (34) and the condition
2
@2 þ
eff =@ =¼0 > 0 at  ¼ 0 are fulﬁlled]. The corresponding
rocking curves for the thick crystal are shown in Figs. 13–16.

Figure 15

Dependence of T and R on  for the thick crystal z ¼ 102 and for a
ﬁxed k : (a)  = 60 , z ¼ 2:58, k ¼ 3ap < ap (b)
 ¼ 0; z ¼ 5:47, k ¼ k =2 > ap and (c)  = 60 , z ¼ 2:58,
k ¼ 3ap > ap :

Figure 16

Dependence of T and R on  for the thick crystal z ¼ 102 and for the
ﬁxed k ¼ 3ap < ap ,  = 60 , there is a maximum.
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Figure 17

Dependence of R on two deviation angles, thick crystal z ¼ 102: (a)  =
60 , z ¼ 2:58, (b)  ¼ 0; z ¼ 5:47 and (c)  = 60 , z ¼ 2:58.
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The dependence of the reﬂection and transmission coefﬁcients
on two deviation angles for the thick crystal is shown in Fig. 17.
The maxima of the rocking curves correspond to the minima
of the effective absorption coefﬁcient. These maxima lie on
parabolas as well.
Figs. 8–17 show the new peculiarities of the effective
absorption coefﬁcient and the Bormann effect [low diffraction
absorption (Authier, 2001; Pinsker, 1982)] depending on two
deviation angles from the Bragg exact direction and the
asymmetry angle.

5. Summary
The X-ray rocking curves for the Laue asymmetrical case
depending on two deviation angles from the exact Bragg
direction are considered. The crystal may be rotated around
the axis perpendicular to the diffraction plane and around the
axis normal to the crystal entrance surface. The theory taking
into account the two-dimensional curvature of the incident
wave is applied. Using the corresponding retarded Green
function the expressions for the transmission and the reﬂection coefﬁcients are obtained. This allows us to ﬁnd the
dependence of the rocking curves’ FWHM and the extinction
length on two deviation angles from the exact Bragg direction.
The FWHM in the direction perpendicular to the diffraction
plane is by some orders of magnitude larger than that in the
diffraction plane. The FWHM and extinction length have
symmetrical dependence on the deviation angle perpendicular
to the diffraction plane. The positions of minima of the
absorption coefﬁcient for the low absorbing mode are
analysed. The positions of the maxima of the rocking curves in
thick crystals are analysed as well. These analyses show the

Acta Cryst. (2018). A74, 204–215

new peculiarities when two deviation angles of the incident
beam from the exact Bragg direction are taken into account.
The experiments may be performed using laboratory and
synchrotron sources of X-ray radiation as well as X-ray freeelectron lasers.
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