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ABSTRACT
The features of the eigen polarizations of magnetic photonic crystals for large values both of the
parameter ofmagneto-optical activity and the depth ofmodulation are investigated. The casewhen
the angle between the direction of the external staticmagnetic field and the normal to the boundary
of the layer is zero is considered. The light transmission through themagnetic photonic crystal layer
is solved by Ambartsumian’s layer additionmodifiedmethod. The influence of the depth ofmodula-
tion, theparameter ofmagneto-optical activity, and the angleof incidenceon theeigenpolarizations
is studied. A simple geometric method for determination of the Bragg frequencies and the widths of
forbidden bands is proposed.
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1. Introduction

Magneto-optics dealswith the controlling of optical fields
in the interaction of optical radiation with matter, by
applying a static (quasi-static) magnetic field. The pres-
ence of a magnetic field leads not only to a change in the
dispersion curves both of the attenuation index and the
refractive index, but also leads to the appearance or to the
change of the optical anisotropy of the medium. Today,
magneto-optical effects (Faraday, Kerr, Cotton-Mouton
and Voigt effects) are powerful means to probe the mag-
netic state of media. Magneto-optical effects provide a
way for light control and modulation, which is of prime
importance for modern telecommunication and photon-
ics. In addition, magneto-optical effects can be used for
magnetic field sensors and visualizers, as well as for bio-
and chemo-sensors. In all the above effects, either the
polarization of light or its intensity changes.However, as a
rule, a magnetic field cannot provide modulation of light
in a wide range both in light intensity and in polariza-
tion. This is the main limitation, which interfered with
the role of magneto-optics in applied nano-photonics
until recently. Therefore, it is essential to seek strategies
to enhance magneto-optical effects, for which there are
several ways.

While the potential of methods relying purely on
material synthesis has been already extensively explored,
nanostructuring is very promising for tailoring the
optical properties of materials. This approach reflects
a new treatment to modern optics, in which optical
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properties are mainly determined not only by electronic
and magnetic resonances, but also by geometric ones.
Examples of successful magneto-optical realization of
this approach aremagnetic photonic crystals (MPCs) and
magnetic nano-resonators, which provide a significant
enhancement of the Faraday effect and other magneto-
optical effects. In addition, the use of magneto-optical
materials for the manufacturing of photonic crystals
(PCs) provides a unique opportunity to achieve control
over a wide range of optical parameters by applying a
magnetic field.

In recent years, the magnetic fluid (MF), which is a
kind of stable colloidal solution consisting of surfactant-
coated nanoscale magnetic particles, is of great interest
(1). It has both themagnetic properties ofmagneticmate-
rials and the fluidity of liquids, which shows a variety of
magneto-optical characteristics including Faraday rota-
tion, tunable refractive index andmagnetic birefringence
(2–5). In recent decades, many optical devices based on
MF have been proposed (6–9). Compared to conven-
tional devices, MF-based optical devices have the advan-
tages of high sensitivity, easy controllability and a small
size; they make it possible to obtain MPCs with large
modulation depths and large values of the parameter of
magneto-optical activity. All these make them promising
for wide application in the field of photonics and sensing
(10–14).

As it is well known, PCs are among the most inter-
esting structures in optics that give the possibility to
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transmit or reflect only certain energy ranges of the elec-
tromagnetic radiation. The energy region that is reflected
by the photonic crystal is the so-called photonic band
gap (PBG). A large variety of materials employed for the
fabrication of PCs: dielectrics, metals, semiconductors,
magnets, superconductors, liquid crystals, etc. The topic
that is attracting increasing attention is the active tuning
of the width of the PBG and its frequency location. The
simplest external stimulus that can be employed for such
tuning is an electric field (see the review article (15)). To
achieve the active tuning of the PBG, the application of
the magnetic field, as noted above, is also a promising
method (14,16). We note the works on MPCs (see, for
example, (17–38), as well as a number of papers cited in
them), where interesting results were obtained.

Another rather interesting approach to boots
magneto-optical effects involves surface plasmon polari-
tons, coupled oscillations of the electromagnetic field and
the electron plasma in a metal, which are localized and
propagate along the metal/dielectric interface. Currently,
the field of plasmonics represents an exciting new area
for the application of surface plasmons in which surface-
plasma-based circuits merge the fields of photonic and
electronics at the nanoscale (39–41). In these so called
magneto-plasmonic systems high values of magneto-
optical activitymay be achieved upon plasmon excitation
(42–45). In addition, due to their magneto-optical activ-
ity, the plasmonic properties can be modulated under an
external magnetic field (46).

In recent works (47,48), a number of new results on
the optics of MPCs with large magneto-optical activ-
ity and modulation depth were obtained. It was shown
that a new type of PBGs appears with an oblique inci-
dence of light, and a new type of non-reciprocity is
observed.

In this paper, we will investigate the features of the
eigen polarizations (EPs) of an MPCs with large values
of magneto-optical activity and the depth of modula-
tion.We will also propose a simple geometric method for
determining the Bragg frequencies and the widths of the
forbidden bands.

2. Results and discussion

Since we are considering the case of large values of the
parameter of magneto-optical activity and the depth of
modulation, the well-known approximate theories in this
case, in general, are inapplicable. Therefore, we solve the
problem using numerical methods. Let’s consider reflec-
tion and transmission of light through a finite layer of
the MPC (Figure 1). Let the layer of the medium occu-
pies the space between the planes z = 0 and z = d (d is

Figure 1. The geometry of the problem.

the thickness of the layer). We assume that the param-
eters ε and g (μ = const = 1) of an isotropic magneto-
active medium are functions of the coordinate z (ε is
the dielectric permittivity,μ is themagnetic permeability
and g is the magneto-optical activity parameter). Here
we shall assume the following laws of variation of these
parameters:(

ε(z)
g(z)

)
=
(

ε

g

)[
1 +

(
�ε

�g

)
sinKz

]
, (1)

where �ε and �g are the modulation depths of the
parameters ε and g, respectively, and they can already be
significantly large here,K = 2π

�
,� is the period of spatial

modulation. The problem of the passage of light through
such an MPC layer will be solved by Ambartsumian’s
layer addition modified method (48–51). We only note,
that in the case where the layer under consideration bor-
ders on both sides on one and the samemedium, then the
reflection and transmission matrices for the incidence of
the light ‘from the right’ and ‘from the left’ are related to
each other by the expressions

˜̂T(�g) = F̂−1T̂(−�g)F̂, ˜̂R(�g) = F̂−1R̂(−�g)F̂, (2)

where F̂ =
(
1 0
0 −1

)
for the linear base polarizations,

and F̂ =
(
0 1
1 0

)
for circular base ones.

We will assume that ε and g do not depend on fre-
quency, and their imaginary parts are very small and also
do not depend on frequency, i.e. we will not consider
the effects of optical dispersion. Thus, at the first stage
we suppose that the frequency of the incident light is
far from the resonance frequency ω0 and, in addition,
it is assumed that the condition |ω − ω0| >> γ holds,
where γ is the half-width of the absorption line (under
the Lorentz line shape).
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Figure 2. The reflection spectra for incident light with first and second EPs (a) and the spectra of polarization ellipticity (b, curve 1) and
rotation of the polarization plane (b, curve 2) for the first case, i.e. when only ε is modulated, and g is constant. The parameters are: ε
= 2.5,�ε = 0.2, g = 0.1,�g = 0, n0 = 1, the angle of incidence α = 0°, the layer thickness d = 100�.

Further, for themost vivid representation of the effects
of an external magnetic field on diffraction reflection, we
will assume:

(1) only ε is modulated, g is constant,
(2) only g is modulated, ε is constant.

Figure 2 shows (a) the reflection spectra for incident
light with first and second EPs and the spectra of polar-
ization ellipticity (b, curve 1) as well as rotation of the
polarization plane (b, curve 2) for the first case, i.e. when
only ε is modulated, and g is constant. In Figure 3 it was
shown the same spectra for the second case, i.e. when
only g ismodulated, and ε is constant. As it is well known,
in the case of one-dimensional MPCs, one of the effects
of a magneto-optical interaction is the displacement of
the effective refractive index for left- and right-circularly
polarized eigen-modes, in different directions, but with
the same amplitude (38). In this case, the PBG peaks for
left- and right-circularly polarized incident waves shift
in opposite directions, introducing polarization selectiv-
ity between orthogonal circularly polarized eigen-modes,
increasing with the growth of diffraction efficiency and
a gyration constant. In our case, the PBG peak for left
circular polarization is shifted toward short waves, and
the peak for right circular polarization is shifted toward
long waves. The central wavelengths of these bands are
determined by the expressions (Bragg conditions for two

eigen-modes):

λr,l = 2�
√

ε − sin2α ± g√
ε

√
ε − sin2α. (3)

A simple geometric method for determining the
boundaries of the diffraction reflection region for a layer
of a cholesteric liquid crystal (CLC) was proposed in
Refs (51–53). As it is known for the CLC, the dispersion
equation has the form

k4m − 2k2m

((
2π
�

)2
+
(
2π
λ

)2
ε1 + ε2

2

)
+
((

2π
�

)2

−
(
2π
λ

)2
ε1

)((
2π
�

)2
−
(
2π
λ

)2
ε2

)
= 0, (4)

where � is the spatial period of the CLC, λ is the wave-
length of light in vacuum, ε1, ε2 are themain values of the
CLC local dielectric permittivity tensor. Hence, it appears
that if the free term in (4) is greater than zero, then this
equation has no imaginary roots. In order that among the
roots km there are also imaginary ones (in the absence of
absorption km are imaginary in PBG), the free term in (4)
must be negative, that is:(

2π
�

)2
−
(
2π
λ

)2
ε1 and

(
2π
�

)2
−
(
2π
λ

)2
ε2

must have different signs.
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Figure 3. Here is depicted the same spectra as in Figure 2 in the case when only g is modulated, and ε is constant.�ε = 0,�g = 0.05.
The values of all other parameters are the same as in Figure 2.

However, this means that the value
( 2π

�

)2 must lie
between the quantities

( 2π
λ

)2
ε1 and

( 2π
λ

)2
ε2. An easyway

to determine the boundaries of PBG follows from the
above said. If the wavelength is plotted along the axis of
abscissa and the y = 2π

λ
, y1 = 2π

λ

√
ε1 and y2 = 2π

λ

√
ε2

are plotted along the ordinate axis, then the conditions
2π
λ1

√
ε1 = 2π

�
and 2π

λ2

√
ε2 = 2π

�
which determinate the

boundaries of the PBG are obtained graphically as the
abscissas of the points of intersection of the line y = 2π

�

with the lines y = y1 and y = y2. Between these wave-
lengths, the differences (y1 − 2π

�
) and (y2 − 2π

�
) have

opposite signs, so the free term in Equation (4) is neg-
ative, which leads to the imaginary root of this equation.

To apply this method to the structures we are con-
sidering, the following circumstances must be taken into
account, too. In our case, there are two eigen-modes and
both are diffractive, these eigen-modes are not p- and
s- linearly polarized waves, but they have quasi-circular
polarizations. Then, as is it is known (54,55), when we
have a 1D layered crystal consisting of two alternating
layers of different isotropic substances, or an isotropic
periodic inhomogeneous crystal with continuously vary-
ing parameters, the entire structure behaves like an
anisotropicmedium, although each sublayer is separately
isotropic. In such crystals, the eigen-modes propagate
with different phase velocities, and the periodic medium

is birefringent (this phenomenon is sometimes called
birefringence due to of the shape).

In view of these circumstances, we will have

y1 = 2π
λ

√√√√ε + a
2

− sin2α + g√
ε + a

2

√
ε + a

2
− sin2α,

y2 = 2π
λ

√√√√ε − a
2

− sin2α + g√
ε − a

2

√
ε − a

2
− sin2α,

y3 = 2π
λ

√√√√ε + a
2

− sin2α − g√
ε + a

2

√
ε + a

2
− sin2α,

y4 = 2π
λ

√√√√ε − a
2

− sin2α − g√
ε − a

2

√
ε − a

2
− sin2α,

where a is the modulation depth either ε (for the first
case) or g (for the second case). Then, as our investiga-
tions show, the boundaries of the first PBG are obtained
graphically as the abscissas of the intersection points of
the line y = π

�
with the lines y = y1 and y = y2, while the

boundaries of the second PBG are obtained graphically
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Figure 4. The reflection spectra for incident light with first and second EPs (a) and the dependence of y, y1, y2, y3 and y4 on the wave-
length (b) corresponding to the first case, i.e. when only ε is modulated, and g is constant. α = 60°. The values of all other parameters
are the same as in Figure 2.

Figure 5. The same spectra as in Figure 4 in the case when only g is modulated, and ε is constant. The values of all other parameters are
the same as in Figure 4.
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Figure 6. The same spectra as in Figure 4 in the case when only ε is modulated, and g is constant. g = 0.6, α = 80°. The values of all
other parameters are the same as in Figure 2.

as the abscissas of the points of intersection of the line
y = π

�
with the lines y = y3 and y = y4.

Figure 4 shows the reflection spectra (a) and the
dependence of y, y1, y2, y3 and y4 on the wavelength
(b) corresponding to the first case, i.e. when only ε is
modulated, and g is constant. Figure 5 shows the same
dependences corresponding to the second case, i.e. when
only g is modulated, and ε is constant. These results
demonstrate a practically accurate method for determin-
ing the boundaries of the PBGs for small values of the
parameters a and g.

It was shown in Refs. (47,48) that in MPCs at light
oblique incidence a new PBG appears, which is not selec-
tive with respect to the polarization of the incident light,
when the angle between the direction of the external
static magnetic field and the normal to the boundary
of the MPC layer is zero. As it is well known, in the
case of light diffraction in chiral periodic media, a res-
onant coupling is possible not only between forward and
backward waves for each eigen-mode, but also by a res-
onant coupling a forward wave of the first mode and a
backward wave of the second mode and vice versa. This
means that there may be a new PBG, whose boundary is
defined as the abscissa of the points of intersection of the
straight line y = π

�
with the lines y5 = y1+y4

2 and y6 =
y2+y3

2 . As it is shown in (48,49), and as follows from our
study, this new region arises at the oblique light incidence

and at large values of the depths of modulation and the
parameter ofmagneto-optical activity. Figure 6 shows the
same dependences as in Figure 4 but for oblique inci-
dence and for large depths of modulation and a param-
eter for magneto-optical activity. The width of this new
zone decreases rapidly and tends to zero with decreasing
angle of incidence, modulation depth, and the parame-
ter of magneto-optical activity. It can be seen from the
figures that, at given values of parameters a and g, the
above-mentioned accuracy of determining the bound-
aries of the PBG is not available. This is natural, since this
method givesmore accurate results for small values of the
mentioned parameters (54).

Now we will start the investigation of EPs. As it is
known, EPs are two polarizations of the incident wave,
which do not change when light passes through the sys-
tem, and the eigenvalues are the amplitude coefficients
of reflection and transmission for the incident light with
the EPs (56). EPs and eigenvalues give a lot of informa-
tion about the features of the interaction of light with
the system; therefore, in optics the calculation of the EPs
for each optical system is important. The EPs automat-
ically take the influence of the dielectric borders into
account. As it is well known (in particular, at normal
incidence), the EPs of CLC and gyrotropic media prac-
tically coincide with orthogonal circular polarizations,
whereas for non-gyrotropic media – with orthogonal
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Figure 7. Spectra of ellipticities of EPs e1 and e2. (a) the parameters are the same as in Figure 4. (b) the parameters are the same as in
Figure 5. (c) the parameters are the same as in Figure 6.

linear polarizations. It follows from the above said, that
the investigation of the peculiarities of the EPs is espe-
cially important in the case of inhomogeneous media for
which the exact solution of the problem is in most cases
unknown.

The peculiarities of EPs of naturally gyrotropic peri-
odically modulated media (chiral PCs) were studied in
detail in Ref. (57). As in the case of naturally chiral PCs
in MPCs, under normal incidence of light, the EPs coin-
cide with orthogonal circular polarizations.With oblique
incidence, they become elliptically polarized and strongly
varying with wavelength.

Figure 7 shows the spectra of ellipticities of EPs e1
and e2 for the three cases considered above. As can
be seen from the figure outside the PBG the EPs are
quasi-circular (e1 ∼1 and e2 ∼−1) and they oscillate
with a wavelength. In the PBG, the ellipticities decrease
modulo, and for large values of the parameter of the

magneto-optical activity here (in the PBG which are
selective with respect to the polarization of the incident
light) they become quasilinear and vary little with the
wavelength (Figure 7(c)).

Further, we investigated the influence of the angle
of incidence, magneto-optical activity and the depth of
modulation on the EPs. The results of these studies
are presented in the form of evolutionary graphs.

Figure 8 shows the evolution of the spectra of the
EPs e1 and e2 when the angle of incidence is chang-
ing with different values of the magneto-optical activity
parameter.

Figure 9 shows the evolution of the spectra of the EPs
e1 and e2 when the parameter of magneto-optical activity
is changing.

Finally, Figure 10 shows the evolution of the spectra
of the EPs e1 and e2 when the depth of modulation is
changing.
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Figure 8. The evolution of the spectra of ellipticities of EPs e1 and e2 when the angle of incidence is changingwith different values of the
magneto-optical activity parameter. (a, b): g = 0.235 and (c, d): g = 0.8. The values of all other parameters are the same as in Figure 2.

Figure 9. The evolution of the spectra of ellipticities of EPs e1 and e2 when the parameter of magneto-optical activity is changing.
α = 60°. The values of all other parameters are the same as in Figure 7.
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Figure 10. The evolution of the spectra of ellipticities of EPs e1 and e2 when the depth of modulation is changing. g = 0.6, α = 60°.
The values of all other parameters are the same as in Figure 7.

3. Conclusion

Thus, we offer a simple geometric way to determine
Bragg frequencies and frequency boundaries of forbid-
den bands forMPCs. At low values ofmodulation depths,
the proposedmethod works almost exactly. For large val-
ues, a certain divergence arises. However, the described
method makes it possible to register the existence of a
new forbidden band, observed with an oblique incidence
of light and at large values of the depths of modulation
and the parameter of magneto-optical activity. We also
studied the features of the EPs of theMPCs. The influence
of the depths of modulation, the parameter of magneto-
optical activity, and the angle of incidence on the EPs is
studied.
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