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ANTICYCLONIC VORTEX IN A PROTOPLANETARY DISK

M. G. Abrahamyan

The dynamics of protoplanetary disks is studied in a local approximation.  A solution in the form of an

anticyclonic vortex with a triaxial-ellipsoidal shape is obtained with linear circulation of matter in the

plane of rotation of the disk.  The formation of planetesimals from dust by vortices of this type is exam-

ined.
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1. Introduction

It is known that young T Tauri stellar objects are surrounded by disks that contain gas and micron-sized solid

particles.  IR observations show that the intensity of the emission from the dust decreases with the age of the star.

This indicates that the size of the particles is increasing [1].  In this stage, the solid particles are coupled to the gas

by aerodynamic forces created by objects with sizes of several hundred kilometers (planetesimals) in an as-yet

undetermined scenario.  The solid particles lose angular momentum and energy through friction with the gas.  Particles

of meter sizes drift toward the star over a few hundred years, a period much shorter than the lifetime of the disk, which

is several million years [2,3].  The sizes of the solid particles increase too slowly to reach the dimensions of a planet.

Thus, the formation of planetesimals is an important question, since particles are lost in the star when they have barely
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reached meter sizes.

It has been proposed [4] that large-scale, stable vortices in the disk may help answer this question by capturing

particles before they fall into the star.  This mechanism for the capture of dust by vortices has been studied by a

number of authors [4-7] and appears to be efficient.

It is assumed that in this scenario vortices are formed by random turbulence in a differential flow or are

maintained by a particular instability.  Anticyclones in a protoplanetary disk merge with one another and are

strengthened, while cyclones are destroyed by shear flow.

In an anticyclone large particles are captured by a Coriolis force directed toward the center of the vortex.  If

the vortex survives ~100 revolutions in a nebula with the mass of the sun, then the number of trapped particles may

approach the mass of a planet (a few times the earth’s mass).  In the standard accumulation model [8,9], the existence

of long-lived vortices in a protoplanetary disk, drifting from regions of an outer disk, allows buildup of the mass

necessary for formation of the core of a giant planet over a time much shorter than 106-107 years.  For example, in

a nebula with the mass of the sun, the time needed to capture 10-15 M  for a vortex in an orbit of 5 a.u. is on the

order of 104 years.  Thus, an anticyclonic vortex in a protoplanetary disk can promote the formation of a giant planet

similar to Jupiter.  Transport in the protoplanetary disk may have a different origin from the popular  turbulent

viscosity [10,11].

Various mechanisms have been proposed for the formation of vortices in protoplanetary disks: turbulence

[12,13], magneto-rotational instability [14], baroclinic instability in disks with a radial entropy gradient [15], and

Rossby wave hydrodynamic instability [16].

Two- and three-dimensional anticyclonic vortices have also been studied extensively by numerical methods

[17,18].  Detailed hydrodynamic modelling with different initial conditions shows that anticyclonic vortices are

formed in only one way and have an invariant shape over almost 100 revolutions around the central star, while solid

particles are concentrated near the center of the vortex.

In this paper it will be shown that an anticyclonic vortex with an ellipsoidal shape is a natural solution to

the equations for shear flow of a disk in a local approximation.

2.  Anticyclonic vortices in a gaseous protoplanetary disk

We shall use a local approximation and choose a reference frame that rotates with the disk at an angular

velocity 
0
 at a distance r

0
 around a central star of mass M.  Assuming that the size of the vortex is much less than

the distance r
0
, in this approximation, we choose a Cartesian coordinate system with center O (Fig. 1), the Y axis

directed toward the star, and the X axis along the material flow velocity.  We consider disk rotation of the form

  qrr  .   If only the gravitational force of the central star is acting, the rotation will obey the Kepler law with

q = 3/2 and for a uniformly rotating disk q = 2; that is, 232  q .

In the chosen reference frame the velocity of the flow of matter has an X component yq 0i , the centrifugal

inertial force is compensated by the radial component of the gravitation of the central star at a distance r
0
, and at
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the other points their sum is the tidal force y2
03j .  The vertical component of gravity, z2

0 , is the restorative force

along the Z axis.

We begin by considering a gaseous disk around a central star.  In the local approximation, the equation for

the stationary isentropic shear flow of the gas without viscosity is

  , 23 000
2
0

2
000 hzy   ukjuu (1)

  , 00  u (2)

where h
0
 is the specific enthalpy (    dh 1 ) and i, j, and k are the Cartesian unit vectors.  As noted above, the

first term on the right of Eq. (1) is the tidal acceleration in the plane of the disk, the second term is the vertical

component of gravity, and the third term is the Coriolis acceleration.

A toroidal shear flow with an elliptical cross section has been found in the local approximation and its stability

examined [19,20].  However, it is easy to show that near the point O, these equations also yield ellipsoidal

anticyclonic vortex flows of matter in the disk with a linear velocity distribution in the plane of rotation similar to

the velocity distributions in Roche-Riemann or Riemann ellipsoids [21-24]:

    , 0, , 00000  zyx uxabuybau (3)

where  is the circulation frequency of matter in the vortex in units of 
0
.

Given Eq. (3), from Eq. (1) we obtain the following equation for the enthalpy:
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Fig. 1.  The local frame of reference.
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which implies that the enthalpy is a quadratic function of position which can be written in the form

     . 132
2
1 , , 222222222

00 czbyaxabazyxh  (4)

It is evident that the isenthalpic surfaces are concentric triaxial ellipsoids.  The ellipsoid on which the enthalpy

goes to zero has semiaxes a, b, and c.

Equation (4) for the enthalpy obtains when the following relations are satisfied:

  , 13 2




  abab (5)

      . 1332 222








 ababac (6)

The first of these gives the frequency of the oscillations of the material in the anticyclonic vortex as a function

of its degree b/a of elongation in the plane of rotation of the disk.  As Fig. 2 shows,  increases for larger b/a.  For

b/a=0.5 we have l=1, i.e., the material in the vortex circulates with the local angular rotation velocity 
0
 of the disk.

 > 1 for b/a>0.5, but the second condition (6), which specifies the geometry of the possible vortical ellipsoids (Fig.

3), prevents the formation of vortices with b/a > 0.5.  These correspond to imaginary values of the vertical semiaxis

c and to negative values of the enthalpy (Fig. 4).

We note that in the plane of rotation the vortex is elongated along the flow, i.e., along the X axis.  When

the oscillation frequency  is lower, it is elongated further.

The vertical dimension of the vortex is smallest.  The maximum vertical axis is for a vortex with 3630.~ab  ,
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Fig. 2.  Oscillation frequency  of matter in a
vortex as a function of the ratio b/a of the
semiaxes of the vortex in the plane of rotation
of the disk.
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where   2260.~ac max  .  The vortex with b/a =0.5 is “cold;” i.e., it corresponds to zero enthalpy and c/a = 0.  This

kind of epicyclic vortex has been studied as a trap for dust particles in protoplanetary disks [4].

We note that the resultant force acting on the gas in the vortex obtained here, i.e., the sum of the gravitational,

Coriolis, and pressure forces, is directed toward the center of the vortex and equals

 . 3
22

2
0

2
yx

ba
bf ji 



 (7)

3.  The dynamics of dust in a vortex

The gas and dust in the disk interact through frictional forces.  The dust particles which are initially at rest

Fig. 3.  Geometry of an ellipsoidal anticyclonic
vortex.  Ellipsoids with b/a > 0.5 cannot exist.
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Fig. 4.  The enthalpy in the center of a vortex as a
function of its asymmetry b/a in the plane of the
disk.
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in the local reference frame are carried off in the gas by a frictional force.  They are also acted on by the gravitational

force of the central object, which, together with the centrifugal force, forms a tidal force in the plane of the disk and,

especially, by the Coriolis force.  Pressure forces do not act on dust.  Two forces act on the dust particles in the vertical

direction: gravity z2
0  and friction with the gas zV , where  is the coefficient of friction.   It is evident that these

forces are balanced at some height, after which the dust particles settle uniformly onto the plane of symmetry of the

disk.  Here the dust is captured by the vortex by means of friction, and the Coriolis force gathers them into the center

of the vortex.  This mechanism has been well studied and the reader can learn more about it in the references cited

here.

As for the evolution of a vortex with the viscosity of the gas and the dissipative interaction with the dust

taken into account, it is not possible to obtain analytic expressions for the variation in the parameters of the vortex.

Numerical modelling of similar anticyclonic vortices with dissipation taken into account has shown, however, that

over a few tens of rotational periods the distortions in their shapes are not large and that dust with a mass of a few

tens of times the earth’s mass accumulates in them [18,19].
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