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In this work we studied light diffraction in magneto-photonic crystals (MPC) having large magneto-
optical activity and modulation large depth. The case of arbitrary angles between the direction of the
external static magnetic field and the normal to the border of the MPC layer is considered. The problem
is solved by Ambartsumian’s modified layer addition method. It is found that there is a new type of non-
reciprocity, namely, the relation RðaÞ – Rð�aÞ takes place, where R is the reflection coefficient, and a is
the incidence angle. It is shown the formation of new photonic band gap (PBG) at oblique incidence of
light, which is not selective for the polarization of the incident light, in the case when the external mag-
netic field is directed along the medium axis. Such a system can be used as: a tunable polarization filter,
polarization mirror, circular (elliptical) polarizer, tunable optical diode, etc.

� 2017 Elsevier B.V. All rights reserved.
1. Introduction

Due to the recent success and development of methods and
technologies of creating new materials, the photonic crystals
(PCs) and metamaterials continue to be in the focus of researchers’
attention. Of great interest are also theoretical calculations for new
models of photonic crystal structures. PCs have Photonic Band
Gaps (PBGs) in their spectra of transmission, and the frequency
width and frequency location of these PBGs can be controlled
either by external fields or just by modifying their internal stacked
structure [1–3]. Optical devices constructed on the basis of PCs
lead to the intelligent, high-speed operation, multi-functional
and tunable properties and possess favorable traits such as: com-
pactness; small loss; high reliability and compatibility. PCs and
metamaterials can be divided into the following two groups: solid
PCs and metamaterials that are inconvenient due to their rigid
elasticity from the viewpoint of tunability by external fields, which
substantially restricts their application (once created, the parame-
ters of these media can hardly be changed), and the so-called soft
PCs and metamaterials. The well-known representatives of soft PCs
are cholesteric liquid crystals (CLCs) and blue phases of liquid
crystals. Apart from the ability of self-organization of their periodic
photonic structures, CLCs have wide-scale deformability, high
sensitivity, and highly elastic ability of phase or morphology
modulation. These peculiarities explain the fact why such struc-
tures with a PBG rapidly react to external influences [4].

PCs with easily tunable parameters can be obtained in a differ-
ent way as well. Recently of great interest are PCs made of materi-
als, parameters of which are easily tuned by external fields, in
particular, by external magnetic fields. Easily tunable PCs have
been fabricated by introducing micro and nano-scale particles
(either ferroelectric, or ferromagnetic, or both together) with large
Verdet parameters into a specially chosen liquid [5]. Then, by
applying, for example, either an external spatially distributed peri-
odically inhomogeneous magnetic field to a homogeneous
magneto-optical material, or a static homogeneous magnetic field
to a magneto-optical material with spatially modulated parame-
ters, a medium with modulated parameters having a large depth
of modulation and a parameter of gyrotropy was obtained. These
are examples of the so called magnetic PCs (MPCs). Magneto-
optical Bragg gratings composed of homogeneous layers of alter-
nating optical and magneto-optical properties and fabrication of
devices on their base have recently gained considerable interest.
For these devices mainly gallium gadolinium garnets, yttrium iron
garnets and gallium arsenide garnets have been used. The MPCs
which have very small size can provide unique optical and
magneto-optical properties of their band gaps, as well as unique
non-reciprocity and defect modes. Thus, these structures have
attracted much attention in designing and fabrication of new
magneto-optical devices.

On the other hand, in the last few years, new families of struc-
tures with plasmon resonances and magneto-optical (MO) activity
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have also been studied [6]. In these so called magneto-plasmonic
systems high values of MO activity may be achieved upon plasmon
excitation [7–10]. Moreover, due to their magneto-optical activity,
plasmonic properties can be modulated under an external mag-
netic field [11].

In this paper, we investigate new optical properties of the MPCs
with large magneto-optical activity and modulation large depth.
We examine the features of the band structure, as well as the fea-
tures of nonreciprocity and the Faraday rotation of such structures
(Fig. 1).

2. Theoretical description

Since we consider the case of large values of magneto-optical
activity and modulation depth, the well-known approximation
theories are mainly inapplicable in this case. Therefore, we solve
the problem using numerical methods.

Let us consider light reflection and transmission through a finite
layer of a magnetic PC. Let the medium layer be sandwiched
between the planes z = 0 and z = d (d is the layer thickness). We
assume that the parameters e, l and g of MPC are functions of z
coordinate (medium axis; e is the dielectric permittivity, l is the
magnetic permeability, and g is the parameter of magneto-
optical activity of the MPC layer). Here we assume the following
expressions for these parameters
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where De, Dl and Dg are the modulation depths of the parameters
e, l and g, respectively, and here we assume that they can be large
but less than the unit; K ¼ 2p

K , where K is the spatial period of mod-
ulation. We assume that the incidence plain coincides with the (x, z)
plain and the wave is incident at the angle a to the normal of the
layer border, which coincides with the (x, y) plane. The amplitude
of the plane electromagnetic field Ei is incident from the left on
the MPC layer, and it gives rise reflected Er and transmitted Et fields,
respectively. The complex amplitudes of the incident reflected and
transmitted waves with p and s linear polarizations are
Fig. 1. The geometry of the problem. The parameters are: the dielectric permittivity
is e = 2.5, its modulation depth is De1 ¼ 0:7, the magnetic permeability is
lðzÞ ¼ const ¼ 1, the spatial period of modulation is K = 400 nm, the refractive
index of the surrounding of the MPC layer is n0 ¼ 1.
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where np and ns are the orts of p- and s-polarizations, and Ep
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i;r;t are the corresponding amplitudes of the incident, reflected and

transmitted waves.
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where R̂ and T̂ are 2 � 2 matrices of reflectance and transmittance,
respectively. Rij and Tij are the amplitude reflection and transmis-
sion coefficients of i-polarized light, assuming that the incident
light has a j-polarization.

Numerical calculations are carried out as follows. An inhomoge-
neous layer with the thickness d can be divided into a great many
thin layers having the thicknesses: d1, d2, d3, . . ., dN. If their maxi-
mum thickness is sufficiently small, one can consider each layer
a homogeneous isotropic plate, and take the MPC layer with the
thickness d as a stack of parallel and sufficiently small isotropic
layers. Then, according to Ambartsumian’s modified layer addition

method (see, in particular [12,13]) the problem of defining the R̂

and T̂ matrices of the non-homogeneous layer of the thickness d
is reduced to the following system of recurrent matrix equations:

R̂j ¼ r̂j þ ~̂tjR̂j�1 Î � ~̂rjR̂j�1

� ��1
t̂j;

T̂ j ¼ T̂ j�1 Î � ~̂rjR̂j�1

� ��1
t̂j;

ð4Þ

with R̂0 ¼ 0̂ and T̂0 ¼ Î. Here R̂j; T̂ j; R̂j�1 and T̂ j�1 are the matrices of
reflectance and transmittance for the media with j and (j � 1)
homogeneous isotropic layers, respectively; r̂j; t̂j are the analogical

matrices for the j-th layer; 0̂ is the zero matrix; Î is the unit matrix,
and the respective matrices for the reverse light propagation are
denoted by tilde. For instance, in the case when the layer of the
medium is bordered by the same medium on its both sides, the
reflection and transmission matrices for the light incident from
the left and from the right are connected with each other by the
relations

~̂T ¼ F̂�1T̂F̂; ~̂R ¼ F̂�1R̂F̂; ð5Þ

where F̂ ¼ 1 0
0 �1

� �
for the linear base polarizations and

F̂ ¼ 0 1
1 0

� �
for the circular base polarizations.

Let us now pass to the eigen polarizations (EPs) and the eigen-
values. The EPs are the two polarizations of the incident light,
which do not change when light transmits through the system
[14]. The EPs and eigenvalues (of the amplitude transmission and
reflection coefficients for the incident light with the EPs) deliver
much information about the peculiarities of light interaction with
the system. Therefore, the calculation of EPs and eigenvalues of
every optical device is important. It follows from the definition of
EPs that they must be connected with the polarizations of the
excited internal waves (the eigenmodes) aroused in the medium.
In the majority of cases, they coincide with the polarizations of
the eigenmodes. Naturally, there are certain differences in the gen-
eral case; there exist only two EPs; meanwhile, the number of
eigen modes can be more than two, and the polarizations of these
modes can differ from each other (for instance, for a non-
reciprocity media [15]). The EPs automatically take the influence
of the dielectric borders into account. As it is known (in particular,
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Fig. 2. The dependence of n1;2;3;4 on z in the cases: (a) g = 0, (b) g = 0.5, h = 0 and (c)
g = 0.5, h = 580 (b). The other parameters are: a = 300, K = 400 nm, lðzÞ ¼ const ¼ 1,
e = 2.5, De1 ¼ 0:7, n0 ¼ 1.

Fig. 3. The spectra of reflection in the cases (a) g = 0 and (b) g = 0.5; and also (c) the
spectra of the ellipticity and polarization plane rotation; and (d) ellipticities of EPs.
The incident light has right (solid lines) and left (dashed lines) circular polarizations
(a, b), or linear polarization (c). The layer thickness is d = 50K. The other
parameters are the same as in Fig. 2.
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for the normal incidence case) the EPs of either CLC or gyrotropic
media practically coincide with the orthogonal circular polariza-
tions; meanwhile, they coincide with the orthogonal linear polar-
izations for the non-gyrotropic media. It follows from the above-
said, that the investigation of EPs peculiarities is especially impor-
tant for inhomogeneous media for which the exact solution of the
problem is unknown.

Denoting the ratio of the complex field components by
vi ¼ Ep

i =E
s
i for the incident wave at the entrance of the system,

and the same ratio at the exit by vt ¼ Ep
t =E

s
t , as well as taking into

account Eq. (3), we find that

vt ¼ ðTppvi þ TpsÞ=ðTspvi þ TssÞ ð6Þ

where Tij are the elements of the total system transmission matrix.
The function vt = f(vi) is called polarization transfer function [14]
and it bears information about polarization ellipse transformation
when light is transmitted through the system. As it was said above,
every optical system has two EPs, which are obtained through sub-
stitution vt from Eq. (6) into the equation vi = vt. Thus we get:
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The ellipticities e1,2 and the azimuths w1,2 of the EPs are
expressed by v1,2 through the following formulas
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Thus, the problem is reduced to finding the matrices of reflec-

tance and transmittance for a homogeneous magnetoactive layer.
We proceed from the following material equations for a homoge-
neous isotropic magnetoactive layer

D ¼ eEþ i½gE�; ð9Þ

B ¼ lH: ð10Þ



Fig. 4. The spectra of reflection R (a) and absolute nonreciprocity of transmission
DT (b). The incident light has right (solid lines) and left (dashed lines) circular
polarizations. g = �0.5 (a) and the other parameters are the same as in Fig. 2.

Fig. 5. The dependence of reflection R on the incidence angle a in the cases (a) g = 0,
(b) g = 0.5, h = 0 and (c) g = 0.5, h = 58�. The incident light has right (solid lines) and
left (dashed lines) circular polarizations with k = 1200 nm wavelength. The other
parameters are the same as in Fig. 3.
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The solution of the wave equation leads to the following disper-
sion equation for this layer

n4
z þ bn2

z þ cnz þ d ¼ 0; ð11Þ
where: nz ¼ c
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direction of the external static magnetic field Hext and the MPC
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c n0 sina, n0 is the refractive index of the surround-
ing the MPC layer. It is assumed that gy = 0, i.e., the external
magnetic field lies in the plane of incidence.

Thus, in contrast to the case g = 0 – when the dispersion equa-
tion has the biquadratic form – we have a complete fourth-
order equation.
In this case the solution of Eq. (11) has the form
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Fig. 6. The evolution of the reflection spectra versus the incident angle a if the
external magnetic field is absent. The incident light has right circular polarization.
The other parameters are the same as in Fig. 3.
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Using these formulae, one can calculate the reflectance R = jErj2/j
Eij2 and the transmittance T = jEtj2/jEij2, as well as: the rotation
of the polarization planew = arctg[2Re(v)/(1�jvj2)]/2; the ellip-
ticity of the polarization e = arcsin[2Im(v)/(1 + jvj2)]/2 (v = Et

p/
Et
s); the circular and linear dichroisms, and etc.

3. Results

Some optical properties of the magneto-active periodic media,
as well as photonic devices based on them are presented in Ref.
[16–34] and also in various other references cited therein. In the
case of homogeneous 1D PC with a constant, non-modulated Fara-
day effect superimposed over the PC, one of the effects of the
magneto-optical interaction is to shift the effective bias refractive
index, with a different sign but an equal amplitude for left and
right circularly polarized modes [34]. For this case PBG peaks of left



Fig. 7. The evolution of the reflection spectra versus the incident angle a in the case of an external magnetic field presence. The incident light has right circular polarization (a,
c) or left circular polarization (b, d). a, b: g = 0.235; c, d: g = 0.6. The other parameters are the same as in Fig. 3.
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and right circularly polarized light are shifted in opposite direc-
tions, introducing polarization-state selectivity, with the resolution
between the orthogonally polarized circular modes increasing ver-
sus increasing grating strength and gyration constant. Below we
show that for the oblique light incidence new effects arise when
gyration constant has significant values. Then, in the first stage,
we assume that the parameters e, l and g do not depend on the fre-
quency, besides, their imaginary parts are very small and do not
depend on the frequency too, that is, we do not consider the effects
of optical dispersion and absorption. We also consider only the
modulated parameter e case for complete account of the effect of
external magnetic field on the diffraction reflection. The case when
the parameters l and g are modulated we consider in our next
paper. Let us note only that, in our opinion, obtaining of a freely
modulated magneto-optical g parameter in the visible optical spec-
tral range in devices with small sizes may meet technical
difficulties.

In the presence of a periodic modulation of dielectric
permittivity, the refractive indices of the eigenmodes nz1;2;3;4

become functions of the z coordinate. Fig. 2 shows dependences
of local refractive indices nz1;2;3;4 on z for the case of (a) in the
absence of an external magnetic field and (b, c) in its presence. In
the first case, Eq. (11) is biquadratic and have completely
degenerated roots jnz1j ¼ jnz2j ¼ jnz3j ¼ jnz4j. The presence of an
external magnetic field removes this degeneracy, and we have
jnz1j ¼ jnz3j– jnz2j ¼ jnz4j (see Fig. 1b) if h = 0. At h – 0 and a– 0
we have already had jnz1j– jnz3j– jnz2j– jnz4j (see Fig. 1c).

Fig. 3a, b shows the reflection spectra for the two cases consid-
ered in Fig. 2a, b. The incident light has right (solid curve) and left
(dashed curve) circular polarizations. As it can be seen from Fig. 3,
and as it was mentioned above, in the absence of an external mag-
netic field the reflectance spectra for the right- and left-circularly
polarized waves coincide. If an external magnetic field is present,
the PBGs for the incident light with the right circular polarization
are shifted toward the shorter wavelengths, and the PBGs for the
incident light with the left circular polarization are shifted toward
the longer wavelengths.

A polarization-sensitive diffraction reflection in the case of nor-
mal incidence of light is emerged, too, as it takes place in the case
when light is reflected from a planar cholesteric liquid crystal
layer. Fig. 3c, d shows both the spectra of the ellipticity and the
rotation of the polarization plane (c) and the ellipticities of the
EPs (d). As can be seen in Fig. 3d, in the presence of an external
magnetic field the EPs are non-orthogonal quasi-circular polariza-
tions, which are transformed into quasi-linear polarizations for
certain wavelengths.

If the direction of the external magnetic field is changed to its
opposite, we have the reverse situation, namely, the PBGs for the
incident light with the right circular polarization are shifted to
the longer wavelengths, and those with the left circular polariza-
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tion are shifted toward the shorter wavelengths. Fig. 4a shows the
same spectra as Fig. 3b but for the case when g = �0.5. Comparison
of these plots indicates existence of a huge non-reciprocity. This
means that the system can be used as an ideal optical diode. A
device transmitting (reflecting or absorbing) the light in one direc-
tion and blocking (not reflecting or not absorbing) it in the oppo-
site direction is called optical diode.

In recent years, several new alternative mechanisms of non-
reciprocity have been proposed [38–68]. Different kinds of optical
Fig. 8. The evolution of the reflection spectra versus the parameter g in the cases of (a, b)
circular polarizations. The other parameters are the same as in Fig. 3.
diodes have been made based on the magneto-optical effect, opti-
cal nonlinearity, electro-absorption modulation, LCD, acoustic-
optical effects, metamaterials, etc. [35–68]. An optical diode in a
chip was proposed in [68]. However, these optical diodes have
been mostly based on solid PCs and the parameters of such sys-
tems are practically untunable. On the other hand, as was noted
above, the development of photonic devices with tunable parame-
ters is of significant importance. In addition to other things, the
tunability makes the device multifunctional.
a = 0�; (c, d) a = 50�; (e, f) a = 70�. The incident light has right (a, c, e) or left (b, d, f)



Fig. 9. The reflection spectra in the case of oblique incidence at a = 80�. The incident
light has right (solid lines) and left (dashed lines) circular polarizations (a) and
polarizations coinciding with the two EPs (b). g = 0.6, h = 0� and the other
parameters are the same as in Fig. 2.
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Usually, nonreciprocity is characterized by two parameters. In
particular, nonreciprocal transmittance can be described by the
absolute transmittance nonreciprocity, DT = Tforward � Tbackward,
and by the contrast of the transmission nonreciprocity,
C = (Tforward � Tbackward)/(Tforward + Tbackward). Here Tforward and
Tbackward are the transmission coefficients for the mutually opposite
directions of light incidence.

Fig. 4b shows the spectra of the absolute transmission nonre-
ciprocity DT. The incident light has right (solid lines) and left
(dashed lines) circular polarizations. As can be seen from the fig-
ure, DT = 1 at certain wavelengths of the incident light. This means
that this system can be used as an ideal optical diode.

An important advantage of the system under consideration is
the ability of tuning its parameters by tuning the parameters of
an external magnetic field.

Another feature of the system is manifested in the angular
dependence of the reflection. Fig. 5a–c shows the dependence of
Fig. 10. The evolution of the reflection spectra versus the parameter g in the case of a =
other parameters are the same as in Fig. 3.
R reflection on the incidence angle a. The incident light has right
(solid curve) and left (dashed curve) circular polarizations. In the
absence of an external magnetic field the curves of R(a) for
the two orthogonal circular polarizations of the incident light are
the same. Whereas, for the orthogonal linear polarizations of the
incident light, as it is well known, the curves R(a) are different.
When the external magnetic field is perpendicular to the layer bor-
ders, the curves of R(a) for two orthogonal circular polarization of
the incident light begin to differ from each other, though these
curves are symmetrical with respect to the axis a = 0; that is R
(a) = R(�a). This symmetry disappears when h – 0, that is, when
the angle between the direction of the external magnetic field
and the plane z = 0 (see Fig. 1) is different from 90�. When h – 0,
we have R(a)– R(�a), i.e., we have a new type of non-reciprocity.
4. New regions of diffraction reflection

The system displays new and interesting features for oblique
incidence of light at large values of the parameter g.

Fig. 6 shows the evolution of the reflection spectra when the
angle of incidence is changing in the absence of an external mag-
netic field. The incident light has the right circular polarization.
Note that in this case, the evolution of the reflection spectra is
exactly the same as in the case when the incident light has the left
circular polarization.

Fig. 7 shows the evolution of the reflection spectra when the
angle of incidence is changing in the presence of an external mag-
netic field. The incident light has right (a, c) and left (b, d) circular
polarizations. Fig. 7a, b correspond to the case of g = 0.235, and
Fig. 7c, d to the case of g = 0.6. As it is seen in Fig. 7, in the presence
of an external magnetic field, at large values of the parameter of
magneto-optical activity and at oblique incidence of light a new
region of diffraction reflection arises. This new PBG at h = 0 has a
number of features: it is polarization insensitive, i.e., in this region
there is a complete reflection of light with any polarization of the
incident light. Then, with an increase of the parameter g, it extends
to the smaller values of the angle of incidence. Further, with the
increase of the parameter g, the frequency bandwidth of transmis-
sion band (which is formed between this new PBG and the PBG
which is selective to the polarization of the incident light) is
increased.

To demonstrate some of the features of formation of this new
PBG, we present the evolution of the reflection spectra when the
parameter g changes for different angles of incidence a in Fig. 8.
The incident light has right (a, c, e) and left (b, d, f) circular polar-
50�. The incident light has right (a) or left (b) circular polarizations. b = 0.5 and the
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izations. Then, we presented in Fig. 9 the reflection spectra for
g = 0.8 and for the angle of incidence a = 80�. The incident light
has right (solid curve) and left (dashed curve) circular polarizations
(a) and the polarizations coincide with the EPs of the system (b).

It is well known (see, in particular, [69–73]) that the external
magnetic field can lead not only to the Faraday effect, but also it
can directly affect the value of e, which is quadratic to the field
effect, i.e., e0 ¼ eþ bg2, where e is the dielectric permittivity in
the absence of the external magnetic field, and e0 is the same at
the presence of the external magnetic field. Fig. 10 shows the evo-
lution of the reflection spectra versus the parameter g, at an angle
of incidence a = 50�, taking into account this effect (we take
b = 0.5). The incident light has right (a) and left (b) circular
polarizations.

5. Conclusions

In this work we have studied the peculiarities of light diffrac-
tion in a MPC for large values of the magneto-optical activity and
modulation depth parameters. The case when the angle between
the direction of the external static magnetic field and the normal
to the layer border is arbitrary is discussed. It was found that there
is a new type of a nonreciprocity; namely, in this case the relation
RðaÞ – Rð�aÞ takes place. Further, the diffraction pattern in this
case is much richer. We showed that in this case, at an oblique inci-
dence of light, a new region of diffraction reflection arises in each
diffraction reflection order. This new PBG at h = 0 is complete in the
sense that in this region the incident light of any polarization
undergoes diffraction reflection. The frequency width of the
diffraction reflection regions, as well as their number, their fre-
quency location and frequency distance are determined by the
parameters of the medium and the external magnetic field, and
they all can be tuned. Consequently, such systems can be used as
tunable polarization filters and mirrors, converters of polarization
modes, modal discriminators and multiplexers for circularly polar-
ized waves. They can be sources of circular (elliptical) polarized
light, as well as can be tunable optical diodes. They can be used
in lasers with a tunable wavelength of radiation, etc.

Finally, we note that the magneto-optical phenomena are also
widely used as a method of studying various issues concerning to
the structure of matter. They allow us to explore the peculiarities
of the magnetic domain structure, magnetic properties of surfaces,
energy spectra of magnetically active ions in magnetic insulators,
electronic structure of ferromagnetic metals, etc.
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