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Abstract. The replica technique method is applied to investigate the kinetic behavior of the coarse-grained
model for the RNA molecule. A non-equilibrium phase transition of second order between the glassy phase
and the ensemble of freely fluctuating structures has been observed. The non-equilibrium steady state is
investigated as well and the thermodynamic characteristics of the system have been evaluated. The non-
equilibrium behavior of the specific heat is discussed. Based on our analysis, we point out the state in the
kinetic pathway in which the RNA molecule is most prone to hybridization.

1 Introduction

The event of single-stranded (ss) nucleic acids hybridiza-
tion is a key process in any DNA or RNA sensor activity [1]
and in many molecular biology techniques such as poly-
merase chain reaction (PCR) [2], in situ hybridization [3],
etc.

The forces which stabilize the secondary structure of
RNA are stronger than interactions responsible for the
tertiary structure and hence these two structures are char-
acterized by two different energy scales. According to one
of the currently accepted concepts of RNA folding the sec-
ondary structure elements, such as helices, loops hairpins,
etc., are formed first and then stack together to form a
3-dimensional tertiary structure [4]. This is the so-called
hierarchical folding mechanism.

However, some experiments show that the folding rate
of large RNA is lower than that predicted by the hier-
archical mechanism [5]. This might mean that two suc-
cessive folding steps are not fully independent. The land-
scape of the energy function of large RNA is extremely
rugged, contains multiple deep minima which act as ki-
netic traps in the folding pathways [5]. The molecule can
remain trapped in states distinct from the native structure
for time periods even longer than the average lifetime of
RNA in a living cell [6,7]. This effect has been termed the
RNA folding memory effect. Unlike the protein folding and
DNA melting problems which have been extensively inves-

a e-mail: huck@phys.sinica.edu.tw

tigated theoretically [8–18], there is so far no fully credible
theoretical model for RNA tertiary structure formation.
It should be noted that excellent models for describing
the RNA secondary structure formation have been devel-
oped as well [19–24]. However, the full path to the for-
mation of the tertiary structure remains relatively poorly
understood. In particular, the mutual interplay between
the secondary and tertiary structures requires a clearer
description [25–29].

The secondary structure of RNA is determined by the
base pairing pattern. It has been shown in [28–30] that
the characteristic pattern of the secondary structure of
RNA is a tree-like structure, formed by relatively short
double-stranded helices. This description looks to be very
suitable and the model captures many aspect of the sec-
ondary structure. However, here the question about the
ensemble of sequences compatible with this pattern still
remains unanswered. The hierarchical folding scenario has
been studied, e.g., in [28], where the folding of RNA with
fixed secondary structure is described by the model of
tree-like polymer with quenched random branching. In [29]
the concept of annealed randomly branched polymer has
been applied to study the equilibrium characteristics of
RNA. The completely annealed branching patterns de-
scribe the ensemble of secondary structures, wherein the
tertiary structure is being formed as a result of substantial
rearrangements of secondary structure elements. This sce-
nario is typical for large RNAs, to which the hierarchical
folding mechanism is most probably not applicable. While
the model of a polymer with randomly annealed branching
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Fig. 1. (Color online) A fragment of the RNA chain with
typical elements of secondary structure.

can be applied successfully for studying the equilibrium
features of RNA folding, it cannot describe the folding ki-
netics as successfully as the equilibrium features. At the
same time, the kinetic effects in the folding process are
viewed to be of great importance due to the existence of
long-living intermediates, as mentioned above.

In our previous letter [31] we have shown the existence
of the phase transition of second order and have described
the behavor of the specific heat.

In the present extended paper we calculate directly the
order parameter Qab and describe in detals the phases on
the both sides of the transition point. Also, in the ap-
pendix, we provide details on the calculation methods.
The model used in the present study is the same as in [31],
but we describe and solve it here in more detail.

2 The model

Let us consider the following mental experiment. The
ss-RNA molecule is dissolved initially in the solvent at
temperature T ′ which satisfies inequalities Θ < T ′ <
Tm, where Tm is the melting temperature and Θ is the
Flory temperature [32]. Under these conditions the RNA
molecule is a random coil with a well-defined secondary
structure. Next, transfer a very small amount of our RNA-
containing solution into the same kind of solvent but with
temperature T , such that T < Θ. Now the content of the
secondary and tertiary structures does not correspond to
the temperature of the thermostat, and the system ap-
pears in a non-equilibrium state. In the beginning, the
secondary and spatial structures in this state still corre-
spond to the temperature T ′ but they start to relax to
the new temperature T . In the end of the process, the
RNA will arrive at a compact globular state with some
secondary structure pattern.

The tertiary structure of RNA is stabilized by inter-
actions between different elements of secondary structure:
helical stems, hairpins, internal loops, mismatches etc. (see

Fig. 2. (Color online) A fragment of RNA chain describing the
model. Some monomers according to our model are enclosed
in circles. For this configuration the non-zero entries of the
symmetric matrix B̂ are B1,2 = B2,1 = B2,3 = B3,2 = B3,4 =
B4,3 = B3,6 = B6,3 = B4,5 = B5,4 = B6,7 = B7,6 = B6,8 =
B8,6 = B8,9 = B9,8 = 1.

fig. 1). Interactions between helical stems can be consid-
ered as homogeneous since the nitrogen bases are located
inside the double helix.

To describe the conformation of RNA in a coarse-
grained approximation, we consider each non-paired re-
gion of RNA as an effective monomer. The monomers are
numbered by i = 1, . . . , N . The center of mass of monomer
i is placed at the point with coordinates xi in the d-
dimensional space. The secondary structure is described
in terms of the randomly branched polymer by the matrix
B̂ = ||Bij ||, where Bij = 1 if the i-th and j-th monomers
are linked by helical stems and Bij = 0, otherwise. Fig-
ure 2 shows a fragment of the chain with description of the
matrix B̂. Like in [30,28], here we apply the simplest ap-
proximation, wherein the molecule is modelled as a rooted
tree with coordination number equal to three. The helices
between the monomers are modelled as springs. Then we
introduce the following Hamiltonian of the model:

H = HII +
∑

i<j

vijδ(xi − xj) + Vconf , (1)

where the term HII({xi}; B̂) = dT
2�2

∑
i<j Bij(xi − xj)2

mimics the helical spring elasticity between the i-th and
j-th effective monomers, and � is the equilibrium dis-
tance between neighbouring monomers which here coin-
cides with the mean length of the helical stem. The heli-
cal spring elasticity constant is assumed to be equal to
dT
�2 . Here vij is the second virial coefficient of interac-
tion between the i-th and j-th effective monomers, and
Vconf({xi}) is the confinement potential describing the ho-
mogeneous attraction between helical stems.

The interactions between non-paired regions (loops) i
and j are governed by their size and nucleotide sequences.
Since many nucleotides contribute to the interaction of
these effective monomers i and j, it is reasonable to con-
sider coefficients vij as statistically independent random
Gaussian variables with distribution

p(vij) ∼ exp(−v2
ij/(2Λ2)), (2)
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where Λ is the variance of the distribution. Collapse of the
ss-RNA molecule is driven mostly by electrostatic inter-
actions and has been investigated experimentally [33,34]
and theoretically [25]. Unlike in [25], here we do not take
into account the counter-ions explicitly. Their impact is
present implicitly in the confinement potential

Vconf({xi})
T

=
1
2
v0

∑

i<j

δ(xi − xj)

+
1
3!

g0

∑

i<j<k

δ(xi − xj)δ(xj − xk), (3)

which ensures existence of globular state of the RNA
molecule. Here v0 < 0 and g0 > 0 are the second and third
virial coefficients of interactions between helical stems, re-
spectively.

Two types of conformational rearrangements in RNA
are possible: rearrangement of the secondary structure
with characteristic time scale τ2 and tertiary structure
fluctuations with characteristic time scale τ3. The dif-
ference between timescales τ2 and τ3 is well-pronounced.
As shown in [34] the collapse of 400 nucleotides-long
RNA takes about 3–4ms while the two orders shorter
21-nucleotide sequence of RNA folds into a hairpin in
about 10ms [35]. Therefore, in further calculations it will
be assumed that τ3 � τ2. The reason for this is not only
the higher stability of base pairs as compared with the
tertiary contacts. The kinetic factors play an important
role as well. Formation of the base pairs occurs through
unwinding of the sigle chains with further formation of the
duplex, and the unwinding process of the single chains is
kinetically hampered.

3 Free energy and non-zero number of
replicas

On the timescale τ , such that τ3 � τ � τ2, the sec-
ondary structure and spatial arrangement of the effective
monomers (non-paired regions) are not in thermal equilib-
rium, and this stationary non - equilibrium steady state
can be described in terms of the effective partition func-
tion [36]

Z = 〈〈(ZB̂,v̂)n〉B̂〉v̂, (4)

where ZB̂,v̂ is the partition function of a branched
molecule with the given branching pattern B̂ and interac-
tion matrix v̂ = ||vij ||. 〈. . .〉B̂ means the average over all
possible branching patterns, wherein each monomer be-
longs to one of the two types: a) the terminal monomer
which is bonded only with one other monomer and b)
the monomer at branching site which is bonded exactly
with three others. 〈. . .〉v̂ is the average over inter-monomer
interactions, and n = T

T ′ with T and T ′ being the ef-
fective temperatures of coarse-grained spatial and sec-
ondary structures, respectively. The effective partition
function (4) is calculated by using the replica technique
developed for the systems with quenched disorder (see e.g.
in [36,37,13]). In our case the limit n → 0 corresponds to

the quenched disorder, while n = 1 describes the com-
pletely annealed disorder, and 0 < n < 1 for the partially
annealed disorder.

Following the method described in [28] we can rewrite
the partition function (4) in the form

Z =
∫

Dρe−βF{ρ}, (5)

where β = 1/T , ρ(X) =
∑N

i=1

∏n
a=1 δ(xa

i − xa), X =
(x1, . . . ,xn), and F{ρ} = E{ρ} − TS{ρ} is the n-replica
free energy with

E{ρ} =
∑

a

Vconf(ca) − βΛ2

4

∑

a�=b

∫
dxdy q2

ab(x,y),

S{ρ} � −�4

2

∫
dX

(Δρ(X))2

ρ(X)
. (6)

Here ca(x) =
∫

dXρ(X)δ(xa − x) is the one-replica den-
sity of monomers, qab(x,y) =

∫
dXρ(X)δ(xa−x)δ(xb−y)

is the two-replica overlapping parameter, and Δ is the
Laplace operator in the (n×d)-dimensional space. Further
in all equations we set kB = 1. The energy term in eq. (6)
is obtained by averaging the n-th power of the partition
function over variables vij , and the entropy term includes
averaging over all possible branching patterns correspond-
ing to the rooted tree with coordination number equal to
three. For function ρ(X) the form

ρ(X) = ρ0 exp
[
− 1

2

∑

a,b

kabxaxb

]
(7)

is used. The confinement potential is written as a virial
expansion Vconf(c) = NT (1

2v0c + 1
3!g0c

2). In a compactly
packed chain the density of monomers scales as c0 ≈ �−d,
and the confinment potential is Vconf(c0) ≈ NT v0

4�d .

3.1 Parametetrization of the Parisi matrix for n �= 0

For the partially annealed system 0 < n = T
T ′ < 1. In this

case we parametrize the off-diagonal entries of the matrix
k̂ by function k(u), where u ∈ [n, 1], and the diagonal en-
tries as kaa = k̃ [38]. The inverse matrix m̂ is parametrized
by m(u), u ∈ [n, 1] and maa = m̃, where (see appendix A
and [38,39] for details)

m̃ =
1

k̃ − 〈k〉 − [k](n)

[
1 − 1

n

[k](n)
k̃ − 〈k〉

−
∫ 1

n

du

u2

[k](u) − [k](n)
k̃ − 〈k〉 − [k](u)

]
, (8)

m(u) = − 1
k̃ − 〈k〉 − [k](n)

[
1
n

[k](n)
k̃ − 〈k〉

+
1
u

[k](u) − [k](n)
k̃ − 〈k〉 − [k](u)

+
∫ u

n

dv

v2

[k](v) − [k](n)
k̃ − 〈k〉 − [k](v)

]
, (9)

where [k](u) = uk(u) −
∫ u

n
dvk(v).
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Using the probe function (7), we can write down the
expression for the entropy (6) as

S{ρ} � �4dNn

2

[ ∫ 1

n

duk(u)2 − k̃2

]
. (10)

The two-replica overlapping parameter qab(x1,x2) in (6)
is described by the following equation (for details see ap-
pendix B):

qab(x1,x2) =
N

(2π)d
(det M̂)−d/2e−

1
2

P2
α,β=1 M−1

αβ xαxβ ,

(11)
where

M̂ =
(

k−1
aa k−1

ab

k−1
ba k−1

bb

)
. (12)

Substituting (11) into eq. (6), we obtain the energy in the
continuous limit (0 < n < 1):

E{ρ} =
βΛ4

4
nN2πd(2π)−2d

∫ 1

n

du

(
φ − m(u)2

)−d/2

,

(13)
where

φ = m̃2 � �2N4/d (14)

is constant. Hence, the free-energy functional F{ρ} reads

F{ρ} � nVconf(c0) +
βΛ4

4
nN2πd(2π)−2d

×
∫ 1

n

du

(
m̃2 − m(u)2

)−d/2

−T
�4dNn

2

[
〈k〉2 +

∫ 1

n

du

u2
[k](u)2 − k̃2

]
. (15)

With taking into account the identities

〈k〉 =
∫ 1

n

du

u2
[k](u),

∫ 1

n

duk(u)2 = 〈k〉2 +
∫ 1

n

du

u2
[k](u)2 (16)

and eqs. (8), (9), the free-energy functional F{ρ} can be
expressed straightforwardly in terms of k̃ and [k](u). Vari-
ation of the free energy F{ρ} over k̃ and [k](u) as inde-
pendent “variables”, gives two saddle-point solutions, sat-
isfying conditions [k](x) = const and

[k̃ − 〈k〉 − [k](x)]4 =
α

3
(φ − m(x)2)−

d
2−2[φ + (d + 1)m(x)2], (17)

where α = βΛ2

4
Nπd

2(2π)2dT�4
. One can find easily that in the

limit of the long chain N 
 1, the saddle-point solutions
are m(x) = const and

m(x)2 � φ − φ

(
χε

x

)1/γ

, (18)

where 1
ε = 2(α/3)1/4φ

2−d
8 , χ = 3( d

2 +1)+(d+1)( d
2−1)

(d+2)5/4 and
γ = 1

8 (4−d). The point u0, at which the solutions m(x) =
const and (18) coincide, is estimated as

u0 =
3χ

2(d + 2)3/4
. (19)

By the help of eqs. (18), (19), the following ansatz is ob-
tained for the function [k](u) (for details see appendix C)

[k](u) �
{
−z0u

δ, if n ≤ u ≤ u0,

−z0u
δ
0, if u0 ≤ u ≤ 1,

(20)

where z2
0(d, β, Λ, �) ∝ (βΛ�−d)1/γ(d), γ(d) = 4−d

8 , δ(d) =
d+4
4−d and u0(d) = 3

2
3(d/2+1)+(d+1)(d/2−1)

(d+2)2 ≈ 0.6 if d = 3.

3.2 Phase transition and the specific heat

By substituting eq. (20) into the free-energy func-
tional (15), one can see that the profile of the free energy
per monomer has two branches [31]

f =
F{ρ0}
Nn

= T
v0

4�d
+

{
f<, if n ≤ u0,

f>, if n > u0.
(21)

This indicates the existence of phase transition at the tem-
perature

T ′
c =

T

u0
. (22)

Here the disordered free energy is

f< = f0
< − nζ

ζ

(
a1 − T�4dz2

0

)
, (23)

and n ≤ u0, ζ = 3d+4
4−d , a1(d, β, Λ, �) ∝ β−1(βΛ�−d)1/γ(d).

At the same time, for n ≥ u0 the disordered free energy
can be written as

f> = f0
> − n

(
a1u

ζ−1
0 + T�4dz2

0uζ+1
0

1
n2

)
, (24)

where f0
> = f0

>(T, d, Λ, �). The total entropy of the two-
temperature system [40] is defined as

Stot = SII + S, (25)

where SII = − ∂
∂T ′F|T=const and S = − ∂

∂T F|T ′=const. The
total specific heat which has been studied recently in [31]
has a form

Ctot = CII + C, (26)

where CII = T ′ ∂SII

∂T ′ is the specific heat of the secondary
structure (branching pattern), and C = T ∂S

∂T .
As shown in fig. 3, the graph of the total specific heat

ctot has a sharp peak in the vicinity of the critical point
T ′

c which manifests phase transition. The observed discon-
tinuity indicates existence of the non equilibrium phase
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Fig. 3. Temperature behavior of the total specific heat (solid
line) and total entropy (dashed line) for d = 3 and βΛ

�d = 140.

transition of the second order. When the temperature T ′

decreases, the total specific heat undergoes finite jump
Δctot|T ′=T ′

c
> 0 at the critical point T ′ = T ′

c but shows
no divergence like

ctot ∼
(
|T ′ − T ′

c|
T ′

c

)−α

,

typical for the phase transition of the second order. The
possible reason can be the mean-field character of the
replicas based theory. At the same time, the total entropy
Stot itself is continuous in the vicinity of the critical point
(see fig. 3) and the latent heat of transition is equal to
zero.

4 Results and discussion

The main characteristic of the glassy phase is the existence
of a large number free-energy valleys separated by barriers
which become infinitely high in the thermodynamic limit.
Two phases, separated by the critical point (22) are char-
acterized by the order parameter, describing the structural
overlapping between the valleys a and b [28,37]:

Qab =
1
N

∑

j

δ(xa
j − xb

j) =
1
N

∫
dxqab(x,x). (27)

With taking into account (11), in the continuous limit
(0 < n < 1) the overlapping parameter q(u;x1,x2) can
be written as

q(u;x1,x2) = N
e
− (x1

2−x1r)(
√

φ−m(u))
φ−m(u)2 e

− r2
√

φ

2(φ−m(u)2)

(2π)2d(1−n/4)(φ − m(u)2)d/2
, (28)

where r = x2 − x1 and r = |r|. From the latter equation
the inter-replica correlation length R(u) can be evaluated

R(u)2 � φ − m(u)2√
φ

. (29)

Fig. 4. The behavior of function �dQ(u) for d = 3 and n =
0.25.

From here, using eqs. (18) and (19), we obtain

R(u) � �

⎧
⎨

⎩
u− 4

4−d , if n ≤ u ≤ u0,

u
− 4

4−d

0 , if u0 ≤ u ≤ 1.
(30)

Thus, in the partially annealed case, the scale of the inter-
valley structural overlapping is the same as in the case of
RNA molecule with quenched pattern of branching [28].
In the continuous limit (0 < n < 1) the structural over-
lapping parameter (27) scales as

Q(u) ∼ R(u)−d. (31)

If the function Q(u) is constant then we have only pure
states which do not differ macroscopically. If the func-
tion Q(u) is not a constant, macroscopically different
pure states must exist; Q(1) is being identified with the
Edwards-Anderson parameter [41]. The behavior of func-
tion Q(u) is shown in fig. 4. As usual, the Q(u) function
has a plateau at Q = Q(1).

To describe the free energy landscape we need to es-
timate the Boltzmann weights of the free-energy valleys
{pa}. According to [42], these weights must satisfy the
condition

∑

a

p2
a = length of the plateau. (32)

Thus,
∑

a p2
a = 1 − u0(d) ≈ 0.4 if d = 3. Since pa < 1,

a few states must dominate this sum which results in the
glassy free-energy landscape shown in fig. 6a.

To describe the statistical properties of the overlapping
between the two valleys of the free energy one can intro-
duce the following probability distribution function [37–
39]:

P (Q) =
∑

a,b

papbδ(Qab − Q), (33)

where pa is the Boltzmann weight of the a-th free-energy
valley. With taking into account relation P (Q) = du/dQ,
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Fig. 5. The behavior of function P (Q) for d = 3 and n = 0.25.

Fig. 6. Sketch of the free-energy landscape.

one obtains
P (Q) ∼ Q

4−5d
4d (34)

at Q < Q(1). The profile of the function P (Q) shown
in fig. 5 implies that it is possible (and the probability
of it is rather high) to find low-energy valleys with some
structural similarity (P (Q) is non-zero up to Q

Q(1) ∼ 1).
Also, continuity of the function Q(u) indicates that the
configurational space of the system is ultrametric.

Thus, at the temperatures T ′ > T ′
c, corresponding to

the state sufficiently far from equilibrium, the free energy
landscape has the same structure as in the case of the
quenched pattern of branching. However, for the temper-
atures T ′ < T ′

c we have a replica symmetric phase with a
nonzero spin glass order parameter, the so-called replica
magnet [43].

Decreasing of T ′ toward the temperature T cor-
responds to approaching to the equilibrium of single-
stranded RNA during the process of thermodynamic re-
laxation and provides conditions for RNA hybridization
and rearrangement of secondary structure.

Thus, during the process of relaxation two regimes
are observed, characterized by different free energy
landscapes as shown in fig. 6. If the effective temperature
of RNA, T ′ satisfies condition T ′ > T ′

c then a glassy
state is obtained (see in fig. 6a), wherein we have a
few tertiary structures corresponding to the free energy
valleys for each secondary structure. At the same time,
if the effective temperature T ′ becomes T ′ < T ′

c, there

Fig. 7. Temperature behavior of the specific heat of the sec-
ondary structure (CII , dashed line) and conditional specific
heat (C, dotted line) for d = 3 and βΛ

�d = 140.
.

Fig. 8. Temperature behavior of the entropy of the secondary
structure (SII , dashed line) and conditional entropy (S, dotted
line) for d = 3 and βΛ

�d = 140.

is only one ground state for each secondary structure
(see in fig. 6b). Thus, the enhancement of hybridization
during the process of thermodynamic relaxation is
accompanied by tuning of tertiary structure according to
the established secondary structure.

During the process of relaxation the specific heat of
secondary structure CII < 0 at T ′ > T ′

c, while the total
specific heat Ctot remains positive (see in figs. 3 and 7).
The negative specific heat CII is obtained at the non-
equilibrium steady state on the timescales τ , such that
τ3 � τ � τ2. The negative specific heat for the non-
equilibrium systems has been discussed recently in [44–46].

In the glassy phase (T ′ > T ′
c) the cooling-down of

the secondary structure is accompanied by decrease of
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Fig. 9. Secondary structure as a refrigerator.

the conditional entropy S, while the entropy of secondary
structure SII increases (see in fig. 8). In fact, in glassy
phase the secondary structure works like a refrigerator,
which is taking heat δQ ≤ TdS < 0 from the spatial de-
grees of freedom using the “getting more from pushing
less” scenario, described in [44] (see fig. 9). Taking heat
from the fast (spatial) degrees of freedom, we probably
decrease the number of valleys in the free energy land-
scape (fig. 6a) inducing transition to the landscape shown
in fig. 6b.

YM has been supported by the NATO Science for Peace Pro-
gram under grant SFP 984537, by the Volkswagen Founda-
tion under grant “Equilibrium and non-equilibrium behavior
of single- and double-stranded biological molecules” from Volk-
swagenstiftung” and by the State Committee of Science of
the Republic of Armenia under the grant 13-1F343; SB has
been supported by the NATO Science for Peace Program un-
der grant SFP 984537; SH and CKH have been supported by
Ministry of Science and Technology (MOST) in Taiwan under
Grants MOST 103-2120-M-001 -005 and MOST 103-2112-M-
001-016. CKH acknowledges the hospitality of University of
Shanghai for Science and Technology where part of this work
was done.

Appendix A. The Parisi matrices in the case
0 < n < 1

Let P̂ and Q̂ be the Parisi matrices parametrized by
(p̃, p(u)) and (q̃, q(u)), respectively [38,39]. If R̂ = P̂ Q̂

then the diagonal entries of R̂ are parametrized through
the relation

r̃ = p̃q̃ +
∫ n

1

dvp(v)q(v) (A.1)

and the off-diagonal ones are

r(u) = −np(u)q(u) + (p̃ − 〈p〉)q(u) + (q̃

−〈q〉)p(u) −
∫ u

n

dv

[
p(v) − p(u)

][
q(v) − q(u)

]
, (A.2)

where 〈p〉 =
∫ 1

n
dvp(v).

The derivative of r(u) with respect to u is calculated
from (A.2)

r′(u) = q′(u)(p̃ − 〈p〉 − [p](u))
+p′(u)(q̃ − 〈q〉 − [q](u)), (A.3)

where [p](u) = up(u) −
∫ u

n
dvp(v). With taking into ac-

count [p]′(u) = up′(u), eq. (A.3) can be written in the
form

r′(u) = − 1
u

d
du

[
(p̃−〈p〉− [p](u))(q̃−〈q〉− [q](u))

]
. (A.4)

Let us suppose that R̂ is an identity matrix R̂ = Î. Then
r̃ = 1, r(u) = 0 and, consequently, r′(u) = 0. With taking
into account eq. (A.4), we obtain the following identity:

(p̃ − 〈p〉 − [p](u))(q̃ − 〈q〉 − [q](u)) = const. (A.5)

To calculate the constant in (A.5), let us consider identity
r(1) = 0, which can be written as (see eq. (A.2))

0 = r(1) = −np(1)q(1) + (p̃ − 〈p〉)q(1)

+(q̃ − 〈q〉)p(1) −
∫ 1

n

dv[p(v) − p(1)][q(v) − q(1)]

= 1 − (q̃ − q(1))(p̃ − p(1)). (A.6)

At the same time, it follows from the condition r̃ = 1 and
from eq. (A.1) that

∫ 1

n

dvp(v)q(v) = p̃q̃ − 1.

By substitutiing the latter equation into eq. (A.6) one
obtains

0 = r(1) = 1 − (q̃ − q(1))(p̃ − p(1)). (A.7)

Since (p̃−〈p〉−[p](u))(q̃−〈q〉−[q](u))|u=1 = (p̃−p(1))(q̃−
q(1)), eqs. (A.5), (A.6) give

(p̃ − 〈p〉 − [p](u))(q̃ − 〈q〉 − [q](u)) = 1, (A.8)

and we obtain the following two important identities for
u = 1 and u = n:

(q̃ − q(1))(p̃ − p(1)) = 1, (A.9)
(p̃ − 〈p〉 − np(n))(q̃ − 〈q〉 − nq(n)) = 1. (A.10)

It follows in a straigtforward way from eq. (A.8) that

[q](u) = q̃ − 〈q〉 − 1
p̃ − 〈p〉 − [p](u)

. (A.11)

With taking into accout that [q](n) = nq(n), we obtain

[q](u) − nq(n) =

− [p](u) − np(n)
(p̃ − 〈p〉 − np(n))(p̃ − 〈p〉 − [p](u))

. (A.12)

For the sake of simplicity let us intruduce notations
{q}(u) = [q](u) − nq(n) and q̄ = 〈q〉 + nq(n). Then
eq. (A.12) takes the form

{q}(u) = − {p}(u)
(p̃ − p̄)(p̃ − p̄ − {p}(u))

. (A.13)



Page 8 of 9 Eur. Phys. J. E (2015) 38: 100

Differentiation with respect to u yields with {q′}(u) =
uq′(u)

q′(u) = − 1
p̃ − p̄

1
u

d

du

{p}(u)
p̃ − p̄ − {p}(u)

. (A.14)

Then after integration we obtain

q(u) − q(n) = − 1
p̃ − p̄

∫ u

n

dv

v

d
dv

{p}(v)
p̃ − p̄ − {p}(v)

. (A.15)

Evaluating (A.2) at u = n with eq. (A.10) yields

q(n) = − p(n)
(p̃ − 〈p〉)(p̃ − p̄)

(A.16)

and finally

q(u) = − 1
p̃ − p̄

[
p(n)

p̃ − 〈p〉 +
1
u

{p}(u)
p̃ − p̄ − {p}(u)

+
∫ u

n

dv

v2

{p}(v)
p̃ − p̄ − {p}(v)

]
. (A.17)

To calculate the diagonal element of the inverse Parisi
matrix q̃, let us transform eq. (A.9) as

q̃ = q(1) +
1

p̃ − p(1)
. (A.18)

With taking into account {p}(1) = p(1) − np(n) − 〈p〉,
from eqs. (A.17), (A.18) it follows straightforwardly that

q̃ =
1

p̃ − p̄

[
1− p(n)

p̃ − 〈p〉 −
∫ 1

n

dv

v2

{p}(v)
p̃ − p̄ − {p}(v)

]
. (A.19)

Appendix B. Two-replica overlapping
parameter

The two-replica overlapping parameter is defined as (a �=b)

qab(x,y) =
∫

dXρ(X)δ(xa − x)δ(xb − y), (B.1)

where the following probe function is used
ρ(X) = ρ0e

− 1
2

P

a,b kabx
axb

. Using the identity δ(z) =
(2π)−d

∫
ddqe−ıqz the two-replica overlapping parameter

reads

qab(x,y) =
ρ0

(2π)2d

∫
ddq

∫
ddq′eı(qx+q′y)

×
∫

dXe−
1
2

P

α,δ kαδx
αxδ−ı(qxa+q′xb)

=
ρ0

(2π)2d

∫
ddq

∫
ddq′eı(qx+q′y)

(
det

k̂

2π

)−d/2

×e−
1
2

[
q2(k−1)aa+2qq′(k−1)ab+q′2(k−1)bb

]
. (B.2)

The probe functions ρ(X) satisfies the equation∫
dXρ(X) = N . Hence,

ρ0 = N

(
det

k̂

2π

)d/2

. (B.3)

It follows from the latter expression and from eq. (B.2)
that

qab(x,y) =
N

(2π)2d

∫
dqq1

∫
dqq2

×e−
1
2

P2
α,δ=1 Mαδqαqδ+ı(q1x1+q2x2) (B.4)

=
N

(2π)d

(
det M̂

)−d/2

e−
1
2

P2
α,δ=1(M

−1)αδxα·xδ ,

where q1 = q, q2 = q′, x1 = x and x2 = y and the matrix
M̂ is

M̂ =
(

k−1
aa k−1

ab

k−1
ba k−1

bb

)
. (B.5)

Appendix C. The behavior of function [k](u)

It follows from the eq. (17) that

k̃ − 〈k〉 − [k](u) = z(u), (C.1)

where

z(u) =

(α/3)1/4(φ − m(x)2)−
d+4
8 [φ + (d + 1)m(x)2]1/4. (C.2)

In the limit of the long chain N 
 1,

z(u) �
{

z0u
δ, if n ≤ x ≤ u0,

z0u
δ
0, if u0 ≤ x ≤ 1.

(C.3)

where δ = d+4
4−d and z0 = 3−δ/42δχ−δ

√
d+2
3 α

2
4−d φ− d

2(4−d) .
With taking into account eq. (14), we have z0∼O(N0)∼1.

To understand the behavior of the function [k](u), we
first estimate the quantity k̃ − 〈k〉 in eq. (C.1). With
taking into account restriction (14), the diagonal ele-
ment of the Parisi matrix m̂ is satisfies the condition (see
eqs. (8), (C.1))

√
φ =

1
z(n)

{
1 − 1

n

[
1 − z(n)

k̃ − 〈k〉

]
−

∫ 1

n

du

u2

[
z(n)
z(u)

− 1
]}

.

(C.4)
Substitution of eq. (C.3) into the latter expression yields

k̃ − 〈k〉 =
z0n

−1

z0

√
φ + n−(δ+1)

1+δ − uδ
0

[
1 − δ

(1+δ)u0

] (C.5)

and
k̃ − 〈k〉 ∼ O(N−2/d). (C.6)

Thus, in the limit of the long chain N 
 1, the term
k̃ − 〈k〉 in (C.1) can be neglected and

[k](u) �
{
−z0u

δ, if n ≤ x ≤ u0,

−z0u
δ
0, if u0 ≤ x ≤ 1.

(C.7)
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