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a b s t r a c t

The Rashba spin-orbit coupling for electronic states in a strained one layer superlattice,
composed of InAs/GaAs quantum rings has been investigated in the presence of uniform
magnetic field directed perpendicular to the lattice plane. The dispersion surfaces and the
energy dependencies on the magnetic field induction are obtained by the exact diago-
nalization procedure using the Fourier transformation to the momentum space. The
characteristic splitting of the mini-bands as well as the crossings of the dispersion surfaces
at the high symmetry points in the Brillouin zone have been observed. An upward shift of
the minibands by about 60 meV due to strain in superlattice has been observed.

© 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Quantum dots (QD) and quantum rings (QR) containing few interacting electrons have received considerable attention for
over a decade because of the rich physics they exhibit [1,2]. Just as the QDs, QRs are also nanometer-sized structures that
confine electrons in all three directions. Aharonov-Bohm oscillations [3] and the persistent current [4] have been observed
recently in small conducting rings. On the other hand the possibility of the experimental realization of QRs with only a few
electrons have been demonstrated in Refs. [5] and [6]. So the experimental study of QRs properties as well as the development
of the many-particle theory in QRs is of great interest [7e9]. QRs are of particular interest due to their unique electronic,
magnetic, and optical properties [10e12].

In most cases, these structures are fabricated with an intrinsic elastic strain field arising from the lattice mismatch be-
tween the QR (QD) and matrix materials [13]. Knowledge of this strain field is crucial for further device modeling since the
strain substantially modifies the electronic band structure which, in turn, strongly effects on the performance of optoelec-
tronic devices [14,15]. The introduction of strain may provide a facile way to fabricate from mid-wavelength to long-
wavelength multi-color infrared detectors via InAs or InGaAs QDs capped by GaAs, InGaAs, InP, or GaInP [16]. On the other
hand the inhomogeneous strain relaxation in strained quantum structures can be utilized to fabricate QRs [10].

Recently impressive progress has been made in the field of manufacturing of ordered structures composed of two or three
dimensional arrays of QRs [17e19]. For example, stacked layers of self-assembled InGaAs/GaAs quantum rings have been
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studied for laser applications by Suarez et al. [20]. Laterally ordered InGaAs quantum rings have been fabricated by a simple
technique with combination of ordering quantum dots by strain engineering and dot-to-ring transformation by partially
capping [21]. This technique has been shown to be capable of fabricating the large scale ordered quantum ring structures for
many applications such as quantum ring solar cells and lasers.

A very useful mechanism based on Rashba spin-orbit interaction (SOI) for coherent spin manipulation in quantum
nanostructures has been demonstrated in Refs. [22,23]. The SOI can arise in a QD and a QR due to the confinement and lack of
inversion symmetry of the nanostructure, which creates a local electric field. The SOI strength can be varied by changing the
asymmetry of the quantum structure with an external electric field. The Rashba SOI is also the driving mechanism for making
futuristic devices based on controlled spin transport, such as spin transistors and spin filters [24].

The recent works involving the Rashba SOI on the electron and hole states in QDs [25,26] and in QRs [27] revealed that the
SOI is responsible for multiple level crossings and level repulsions in the energy spectrum that was due to the interesting
interplay between the Zeeman effect and the SOI. Our another work has been devoted to the effect of Rashba coupling on the
non-linear intraband light absorbtion in a GaAs/AlGaAs QR [28]. QRs made of semiconducting materials exhibiting Rashba-
type SOI have attracted considerable attention due to fundamental spin-dependent quantum interference phenomena that
are observable in these systems [29e31]. Since the strength of the SOI can be tuned with external gate voltages, QRs, or
systems involving those will also have possible spintronic applications [32].

The energy dispersion and the Bloch amplitudes in one layer quantum ring superlattice (QRSL) have been obtained in our
previous works, taking into account the interdiffusion between the compound materials of heterostructure [33] and the
Rashba SOI [34].

In the present work the Rashba spin-orbit coupling for electronic states in a strained one layer superlattice, composed of
InAs/GaAs quantum rings has been investigated in the presence of uniform magnetic field directed perpendicular to the
lattice plane. Green's function technique, developed by Andreev et al. [15] and based on the method of inclusions suggested
by Eshelby [35] has been implied to calculate the strain distribution in considered structure taking into account material
anisotropy. This method produces a nearly analytical solution for the Fourier components of the strain tensor. The energy
dispersion surfaces and the energy dependencies on the magnetic field induction are obtained by the exact diagonalization
procedure using the Fourier transformation to the momentum space. As it has previously been shown [33,36,37], this
approximation provides a good representation of physical situation and reasonable accuracy for comparatively small sizes of
Hamiltonian matrix.

2. Theory

Let us consider an one-layered QRSL with the lattice constants ax and ay in the x and the y directions respectively. Fig. 1
illustrates a schematic sketch of this structure. As is known themisfit strain for InAs/GaAs heterojunction (about 6.7%) leads to
a considerable strain distributionwhich significantly effects on the SL band structure [15,38]. An analytical expression can be
obtained for the Fourier transform of the strain tensor [15] which has the following form for a single QR (SQR) or QD in a
materials of cubic symmetry:
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Fig. 1. Schematic view of QRSL.
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is the Fourier transform of the shape function of QR [33,34] with inner and outer radii R1 and R2, respectively, and with height
h, JiðxÞ is the first kind Bessel function of the i-th order, C11, C12, and C44 are the elastic constants in the matrix (GaAs) material,
Can ¼ C11 � C12 � 2C44 is the parameter of anisotropy [15,40], x⊥ and xz are the components of the reciprocal space vector
perpendicular and parallel to the QR axis, respectively. The summation in (1) is carried out by the Cartesian components of the
reciprocal space vector.

The diagonal components of the strain tensor for SQR can be obtained by Fourier integration of Eq. (1) in reciprocal space:
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Because of the linearity of the elastic problem the strain tensor of QR array is the superposition of the strain tensors of
single QRs. For the diagonal components of the strain tensor in one layered QRSL we obtain the following expression:
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where S0 ¼ axay is the unit cell area of QRSL, i denotes the x or y component and cQRð r!Þ is the shape function of QR in real
space, which is unity inside the ring and is zero outside it. The correction of the conduction band edge due to the strain is

DEc ¼ acðEh � Eh0Þ; (5)

where ac is the hydrostatic deformation potential for the conduction band [38], Eh ¼ Exx þ Eyy þ Ezz is the hydrostatic strain
regarding with the matrix material and Eh0 is the ”initial” hydrostatic strain due to the lattice mismatch.

In Fig. 2 the dependencies of conduction band edge on coordinates in three different directions (100), (210) and (110) for
the QRSL (the blue solid lines) and for the SQR (the red dotted lines) are presented for the values of parameters R1 ¼ 3nm,
R2 ¼ 10nm, h ¼ 2nm and ac ¼ �6:66eV [38]. The values of elastic constants are taken from Ref. [15]. It is well known that the
hydrostatic strain describes the relative change in the volume of the material unit-cell. On the other hand different behaviors
of the band edge in different directions are observed both for the QRSL and the SQR which is the consequence of the structure
anisotropy. One can also conclude that the change of the potential profile inside the ring is more pronounced for the SQR due
to the stronger influence of the matrix material on the material inside the QR. An opposite situation is observed outside the
QR where the band edge of SQR approaches to that for unstrained QR with increasing the value of radial coordinate. It should
be mentioned that our calculations indicate on a very week dependence of the hydrostatic strain and hence the conduction
band edge on z coordinate for the above mentioned values of parameters. This fact together with the very strong quantization
in z direction allows one to consider a two-dimensional problem.

The Hamiltonian of the considered problem has the following form:

H ¼ 1
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Fig. 2. Dependence of conduction band edge for QRSL (the blue solid lines) and SQR (the red dotted lines) on coordinates in three different directions: (100) (a),
(210) (b) and (110) (c) (the black dotted line corresponds to unstrained QR). (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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is the Rashba spin-orbital coupling hamiltonian, sx, sy and sz are the Pauli matrices, a is the Rashba parameter,

Vð r!Þ ¼ v0ð r!Þ þ DEc is the periodic potential of QRSL, v0ð r!Þ is the potential of unstrained structure, mð r!Þ is the electron
effective mass, which by enough high accuracy can be taken to be equal to the effective mass in the InAs materialmInAs inside
the rings and to the effective mass in the GaAs material outside, mB is the Bohr magneton and g is the Land�e g-factor. As it is
seen from Eq. (7) we consider only the Rashba term of SOI and neglect the Dresselhaus one since in InAs low dimensional
systems the spin splitting is dominated by Rashba SOI [39]. On the other hand, in contrast to the Dresselhaus therm, the
Rashba SOI can be tuned by means of external fields and is more interesting from practical point of view.

We take the Cartesian components of the vector-potential in the following periodic forms:8>>>>>>><>>>>>>>:
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which correspond to the uniform magnetic field directed perpendicular to the SL plane (z direction). The summations in (8)
are carried out by the components of the radial vectors of the QRs centers Rx and Ry.

Due to the periodicity of the Hamiltonian (6) one can make a Fourier transformation to the momentum space [34,36]:

j[ðYÞð r!Þ ¼ ei k
!

r!U[ðYÞð r!Þ ¼
X
g!

u
[ðYÞ g!ei

�
k
!þ g!� r!; (9)

! X
i g! r! 1 X

i g! r! ! ! X! i g! r!
Vð r Þ ¼
g!

V
g!e ;

mð r!Þ ¼
g!

m
g!e ; A ð r Þ ¼

g!
A

g!e ; (10)

A
! ! X! !! A2 X !!
mð r!Þ≡ f 1ð r!Þ ¼
g!

f
1; g!ei g r ;

mð r!Þ≡f2ð r
!Þ ¼

g!
f
2; g!ei g r : (11)
In Eqs. (9)e(11) U[ðYÞð r!Þ is the Bloch amplitude and u
[ðYÞ g! is the Bloch amplitude's Fourier transform for the spin-up
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g!, m
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Substituting the expressions (7)e(11) to the Ben Daniel-Duke's equation H bj ¼ Ebj one can arrive to the following set of
linear equations:
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where the Fourier transforms can be expressed by the following expressions:
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dx;z is the Kronecker delta symbol, gxðyÞ ¼ 2pnxðyÞ=axðyÞ is the Cartesian component of the reciprocal lattice constant ðnxðyÞ ¼
0;±1;±2;…Þ [33]. Now the energy values and the Bloch amplitude Fourier transforms for each fixed value of quasi-

momentum k
!

can be obtained by the exact diagonalization of the coefficient matrix of u
[ðYÞ g! from Eqs. (12) and (13).

3. Results and discussion

Our calculations are carried out for InAs/GaAs quantum ring superlattice of square symmetry with the parameter values
R1 ¼ 3 nm, R2 ¼ 10 nm, ax ¼ ay ¼ a ¼ 22 nm.

In Fig. 3 the energy dispersion surfaces for the first four conduction mini-bands are presented for different values of
Rashba SOI parameter and magnetic filed for QRSL of a square symmetry. The upper row corresponds to unstrained and the
lower one to highly strained QRSL. As it can be seen from Fig. 3(a) and (d), without SOI andmagnetic field the general behavior
of these surfaces qualitatively coincides with one obtained in the theory of nearly free electrons for bulk materials [34,41]. As
it is expected, for the ground state the energy has a global minimum at the point k ¼ 0 and global maxima at the vertices of
the Brillouin zone (kxa ¼ ±p; kya ¼ ±p), and the points (kxa ¼ ±p; kya ¼ 0) correspond to a local maximum in x direction and
a local minimum in y direction. Similarly the points (kxa ¼ 0; kya ¼ ±p) correspond to a local minimum in x direction and a
local maximum in y direction. The Rashba SOI removes the spin degeneracy of the dispersion curves due towhich each energy
dispersion surface splits into two. Fig. 3(b) and (e) illustrate the energy dispersion surfaces of the first four conduction mini-
bands for QRSL of square symmetry for the value of Rashba parameter a ¼ 40 meVnm. Rashba SOI mixes spin up and spin
down states, therefore these new mini-bands can not be characterized as spin up and spin down. They both are superpo-
sitions of two spin states. The effect of the applied magnetic field on the energy dispersion surfaces can be observed in
Fig. 3(c) and (f). As it can be seen, the magnetic field creates additional gaps between two spin splitted surfaces and
completely removes spin degeneracy. Also it should be noted that withoutmagnetic field the square symmetry of the QRSL on
the dispersion surfaces is more pronounced. From the comparison of upper and lower rows it is clear that the strain shifts the
energy minibands upward approximately by 60 meV and broadens the minibands.

Fig. 4 provides more detailed description of the dependencies of the energy dispersion curves on quasi-momentum for the
principal directions in the first Brillouin zone for QRSL with square symmetry. In Fig. 4(a) the energies of first twomini-bands
are presented against kxa for fixed values of kya ¼ 0;p=2 and p, respectively, without Rashba SOI andmagnetic field. It is clear
from the figure that for the first miniband the point kx ¼ 0 corresponds to minimum of the dispersion curve for all values of
ky. In contrast to that for the second miniband the point kx ¼ 0 can be either minimum or maximum depending on the value
of ky. Also for the case kya ¼ p the dispersion curve of second miniband is almost independent from kx, which means that the
square symmetry of superlattice prevails over cylindrical symmetry of the rings. The Rashba SOI, in its turn, splits each energy
dispersion curve into two (Fig. 4(b)). It is clear from the Fig. 4(b) that two splitted states are still degenerated only in the points
kxa ¼ 0;±p, kya ¼ 0;±p, but these points did not describe band minima and maxima anymore. For the cases kya ¼ 0 and



Fig. 3. The energy dispersion surfaces for the first four mini-bands of QRSL for two different values of Rahba SOI a ¼ 0 (a,d), a ¼ 40 meVnm (b,c,e,f) and for two
different values of magnetic field induction B ¼ 0 (a,b,d,e) and B ¼ 5 T (c,f). The upper row corresponds to unstrained and the lower one to highly strained QRSL.

Fig. 4. The electronic dispersion curves in kx direction at three fixed values of ky for the first four mini-bands of unstrained QRSL for two different values of Rahba
SOI a ¼ 0 (a,c), a ¼ 40 meVnm (b,d) and for two different values of magnetic field induction B ¼ 0 (a,b) and B ¼ 5 T (c,d).
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kya ¼ p in first (second) miniband we can see two minima (maxima) near kxa ¼ 0 and two maxima (minima) near kxa ¼ ±p.
For the case kya ¼ p=2 two curves completely non degenerated for all the values of kxa for bothminibands. The magnetic field
creates an additional spitting between two spin branches of minibands and removes the degeneracy for all values of kx and ky
(Fig. 4(c) and (d)).

In Fig. 5 the energy dispersion curves in kx direction at three fixed values of ky for the first four conduction mini-bands of
highly strained QRSL are presented. From the comparison of Figs. 4 and 5 it is clear that strain shifts the energy minibands
upward approximately by 60 meV. Beside that in the presence of strain the effects of Rashba SOI and quasimomentum on the
band structure of QRSL are enhanced.

Finally in Fig. 6 the magnetic field dependencies of electron energy of first fewminibands for some high symmetry points
in the first Brillouin zone are presented for different values of Rashba SOI parameter for unstrained ((a) and (b)) and strained
((c) and (d)) QRSL. For the point of kxa ¼ 0 and kya ¼ 0 (Fig. 6(a)) the first miniband can be described by angular momentum
l ¼ 0. Thus with the increase of the magnetic field that state splits into two because of electron spin. The next state is fourfold
degenerated at B ¼ 0 without Rashba SOI. Corresponding momenta for that four states are l ¼ ±1 and s ¼ ±1=2. In the
presence of Rashba SOI these states are described by total momentum j ¼ ±1=2;±3=2 and due to that the fourfold degen-
erated states split into two double degenerated ones. Magnetic field in its turn removes all degeneracies. For the point kxa ¼
p=2 and kya ¼ p=2 (Fig. 6(b)) at a ¼ 0, B ¼ 0 the minibands are shifted from each other and the degeneracies are caused only
by spin. In the presence of Rashba SOI the point ðp=2;p=2Þ is not a degeneracy point, as can be seen from Fig. 4(b), and even at
B ¼ 0 all of the states are non degenerated. As we havementioned above, in the presence of strain (Fig. 6(c) and (d)) all energy
minibands are shifted upward by approximately 60 mev and the effect of Rashba SOI is enhanced.
4. Conclusion

In conclusion, we have studied the effect of the Rashba spin-orbit coupling on energy states in a strained one layer
superlattice, composed of InAs/GaAs quantum rings in the presence of uniform magnetic field directed perpendicular to the
lattice plane. We have shown that due to SOI the energy mini-bands of the superlattice in conduction band split to two. Two
spin states are still degenerated in the center of the Brillouin zone (k ¼ 0), but this point did not describe a band minimum
anymore. Magnetic field in its turn removes all degeneracies of the minibands. Also we have shown that for the case of highly
Fig. 5. The energy dispersion curves in kx direction at three fixed values of ky for the first four mini-bands of highly strained QRSL for two different values of
Rahba SOI a ¼ 0 (a,c), a ¼ 40 meVnm (b,d) and for two different values of magnetic field induction B ¼ 0 (a,b) and B ¼ 5 T (c,d).



Fig. 6. The magnetic field dependencies of electron energy at the points kx ¼ 0, ky ¼ 0 (a,c) and kxa ¼ p=2, kya ¼ p=2 (b,d) in the first Brillouin zone for un-
strained (a,b) and highly strained (c,d) QRSL for two different values of the Rashba parameter a ¼ 0 and a ¼ 40 meVnm.

V. Mughnetsyan et al. / Superlattices and Microstructures 104 (2017) 10e18 17
strained superlattice all energy minibands are shifted upward by approximately 60 mev and broadened. In the presence of
strain the effect of Rashba SOI is also enhanced.
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