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The effect of interdiffusion on electronic states and nonlinear light absorption in Gaussian-shaped 
double quantum rings is studied. The confining potential, electron energy spectrum, wave functions 
and absorption coefficient are obtained for different values of diffusion parameter. The effect of the 
variation of Gaussian parameters is considered as well. The selection rules for the intraband 
transitions in the cases of the light polarization parallel and perpendicular to the quantum rings’ axis 
are obtained. It is shown that the interdiffusion can be used as an effective tool for the purposeful 
manipulation of the electric and optical properties of the considered structure. 

Keywords: Double quantum ring, interdiffusion, electronic states, nonlinear absorption 

 

1.Introduction 

Electronic properties of low-dimensional semiconductor heterostructures have become an 

active field of both theoretical and experimental studies. Advances with respect to growth as well as 

high-resolution electron-beam lithography techniques allow the fabrication of novel structures 

called quantum rings (QR) [1]. 

Formation and characterization of QR complexes [2] open a new route to measurement of 

quantum interference effects [3,4] promised by ring geometry. Using droplet epitaxial technique, 

authors of [2] performed self-assembly of concentric double quantum rings (DQR) with high 

uniformity and excellent rotational symmetry. 

The intraband optical absorption in QRs has attracted an enormous interest in recent years 

[5-7] because a large optical nonlinearity in these structures has been observed. Note that both 

linear and nonlinear intraband optical absorptions can be used for practical applications in 

photodetectors and high-speed electro-optical devices [8,9].  

The potential application of QRs in nano-devices has given rise to theoretical investigation 

of their optoelectronic properties [10]. In some works the influences of spin-orbit coupling [11,12], 

intense laser field [13] and polaronic effects [14] are examined. Analytical treatments of electronic 

and optical properties of QRs and spherical layers have also been suggested [15,16]. Recently, 

some authors studied the linear and nonlinear optical intraband absorption coefficients of quantum 

dots with two, or three electrons [6,17,18]. 
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It is shown that the post growth rapid thermal annealing (RTA) plays a major role in 

modifying the electronic structure and in the improvement of material quality due to the 

interdiffusion of the compound materials of heterojunction [20-23]. Theoretical calculations 

indicate to the blueshift of the interband absorption spectrum of QDs [24,25] and QD superlattices 

[26,27] due to interdiffusion, which is in accordance with experiment [23]. However a red shift is 

theoretically predicted for intersubband absorption threshold in QR superlattices [28,29]. In 

reference [30] strain-free DQR solar cells were fabricated by droplet epitaxy. RTA was used to 

improve the optical quality of the solar cells.  The shape of DQRs obtained in [30] can be 

successfully modeled by two shifted Gaussians as it was shown in [29]. 

In this work the effect of interdiffusion of Al and Ga atoms on confining potential, electron 

energy spectrum, and linear and nonlinear intraband absorption in a GaAs/Ga1-xAlxAs Gaussian-

shaped double quantum ring (GS DQR) is investigated in the framework of density matrix 

approach. The exact diagonalization procedure has been used for obtaining the energy spectrum and 

the wave functions in considered structure.  

 

2.Theory 

Let us consider an initially non diffused GaAs/Ga1-xAlxAs GS DQR with inner and outer 

rings of heights h1 and h2, respectively. The shape of DQR can be taken as a superposition of two 

shifted Gaussian functions [29, 31]: 

2 2 2 2
0 1 1 2 2( ) exp( ( ) ) exp( ( ) ).z h hρ α ρ ρ β ρ ρ= − − + − −                                 (1) 

In Fig.1 the models of GS DQR which correspond to Eqs. (1) and (2) for parameter values 

1 2 2 / 3h h R= =  (Fig.1a) and 1 90h = Å, 2 150h = Å (Fig.1b) are presented. It should be mentioned 

that our calculations and all presented figures correspond to the parameter values 10 / Rα β= = , 

1 / 3Rρ = , 2 2 / 3Rρ =  and 200R = Å. For farther calculations we replace the shape function by 

1 0 2( ) ( ) / 2z z hρ ρ= + , which means that the considered GS DQR is shifted from the 0z =  plane. 

This replacement allows us to use the wave functions of a cylindrical QD with the base on the 0z =  

plane, height 22H h= , diameter 0 1.5R R=  and with infinitely high potential barriers as an ansatz 

for diagonalization. It will be shown below that this choice of the parameters of cylindrical QD 

provides the convergence of the wave functions in GS DQR.  

The confining potential Ve in conduction band can be found by solving the Fick’s diffusion 

equation for the Al concentration ( , )X zρ  and using the relation 0.6 1247 ( , )
e

V X zρ= ⋅ meV [32]: 
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where 2L Dt=  is the diffusion parameter, D is the diffusion coefficient, t is time, ( )erf q  is the 

error function and 0( )I q  is the modified Bessel function of zero order. 

In Fig.2 the confining potential profile of GS DQR as a function of radial and axial 

coordinates is presented. The upper row of the Fig.2 corresponds to the parameter values 

1 2 2 / 3h h R= = , while the lower one is for 1 90h = Å, 2 150h = Å. As it is seen from the figure, with 

an obvious smearing of the confining potential the barrier between the inner and the outer rings 

gradually damages. For enough large values of diffusion parameter the DQR transforms to a single 

QR structure. 

The cylindrical symmetry of the considered structure allows one to seek the electronic wave 

functions as superpositions of the wave functions in a cylindrical quantum disk with the axis 

coinciding with the one of GS DQR as it was mentioned previously: 
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                     (4) 

are the wave functions of the radial and the axial motions of electron in quantum disk, respectively, 

Jl is the Bessel function of the l-th order, ,l n
k

ρ
is the nρ -th zero of the Bessel function Jl. It should 

be mentioned that in GS DQR the motion of electron is described by the azimuthal quantum 

number l and the quantum number n for the non-rotational part of the motion ({ρ,z} motion) in 

contrast to the cylindrical quantum disk, where the three quantum numbers l, nρ and nz define the 

electron’s motion. The substitution of Eqs. (3) and (4) in the Schrödinger equation with the 

potential (2) results in to a set of linear equations from which the electron energy spectrum and the 

wave functions can be obtained by the exact diagonalization procedure. 

In the framework of density matrix formalism and the two level approximation the linear 

and the third order absorption coefficients are as follows [33]: 

2
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where 
fi f iE E E= − , ( )i fE  is the energy of the initial (final) state, fi f f i iM n l er n lξ= ⋅

��
 is the 

dipole matrix element, I, ω and ξ
�

 are, respectively, the intensity, the frequency and the polarization 

vector of incident radiation, Γ0 is the Lorentzian parameter, σ is the density of electrons, e is the 

electron charge magnitude and c is the speed of light. The following expressions can be obtained 

for the dipole matrix elements: 
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Substituting expression (3) in the expressions (7) we obtain: 
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3.Discussion 

In Fig.3 the energy levels of electron in GS DQR are presented for the parameter values 

1 2 2 / 3h h R= = , (Fig.3a) and 1 90h = Å, 2 150h = Å (Fig.3b) for three different values of diffusion 

parameter. As is obvious from the figure, with the increase of diffusion parameter the energy levels 

rise and the distances between them reduce. This is because of the widening (narrowing) of upper 

(lower) part of quantum well and the rising of its bottom. The comparison of Fig.3a and Fig.3b 

shows that the energy levels in the QRs with different heights are more sensitive with regard to 

interdiffusion. The reason is that for the QRs with the same heights the interdiffusion leads to the 

shift of the electron probability density (PD) from the inner ring to the outer one without an 

efficient change in the localization degree. In contrast with this case in QRs with different heights 

the PD is sufficient also in the outer ring and the interdiffusion leads to the further narrowing of 

electron localization region in it. 

In Fig.4 the PD for electron in GS DQR for two different values of the quantum number 

1n =  and 2n =  and for three different values of the azimuthal quantum number 0l = , 1l =  and 
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2l =  is presented in the case of 0L = . Fig.4a corresponds to the parameter values 1 2 2 / 3h h R= = , 

while Fig.4b is for 1 90h = Å, 2 150h = Å. In the case of 1n =
 
with the increase of l from 0 to 2 the 

PD shifts from the inner ring to the outer one. However in the case of 2n =  an opposite situation is 

observed for the change of l from 1 to 2. The PD tends to localize in the inner ring near the potential 

well center in z direction. This behavior of the PD is observed for both the cases of the QRs with 

the same (Fig.4a) and different (Fig.4b) heights. It can be seen from Fig. 4b that with the shift to the 

outer or the inner ring the PD also shifts in z direction in the case of rings with different heights. 

The comparison of Figs.4a and 4b shows that the effects of the increase of quantum number n by 1 

on the distribution of the PD are opposite in the case of 0l =  (in Fig.4a the PD shifts to the outer 

ring, while in Fig.4b the shift takes place in opposite direction) and qualitatively are the same in the 

cases of 1l =  and 2l =  (both in Figs.4a and 4b the PD shifts from the outer ring to the inner one).  

Fig.5 illustrates the PD for electron in GS DQR for the values of the quantum number 1n = , 

2n = , 3n =  and 4n =  for three different values of diffusion parameter: 0L = , 10L = Å and 

20L = Å. All the figures correspond to the case of 1 90h = Å, 2 150h = Å and 0l = . In the case of 

1n = , the two peaks of the PD are in the regions of inner and outer rings. It can be seen that the 

increase of L from 0 to 10 Å leads to the shift of the PD from the inner ring to the outer one. 

However the further interdiffusion results in to the convergence of two peaks (see the case of 1n = , 

1 90h = Å, 20L = Å) because of the degradation of the barrier between the rings. The shift of the PD 

to the outer ring is also observed for the excited states ( 2,3,4n = ) but only for the increase of L in 

the region 0÷10Å. The further increase of L leads to the convergence of the PD to the axis of the GS 

DQR because of the smearing of the central barrier in DQR. The appearance of additional peaks 

and zeros of the PD with the increase of n can also be observed in correspondence with the quantum 

mechanical property of excited states. However the convergence of the peaks which are originated 

from the existence of the barrier between the rings results in to the decrease of the number of peaks 

(see the case of 4n = , 20L = Å). In the case of 3n = , two peaks of PD separated in the z direction 

by a zero are in the outer ring and only one is in the inner ring because of 2 1h h> . Comparing the 

cases of 3n =  and 4n = , we can see that the excitation of the system from the state { 3n = , 0l = } 

leads to the shift of the PD back to the inner ring due to the reduced effect of the DQR central 

barrier.  

In Fig.6 and Fig.7 the total absorption coefficients (1) (3)( ) ( )α ω α ω+� �  for the two 

(Fig.6a,b,c, Fig.7a,b,c,d) or the three (Fig.6d) most intensive transitions are presented. Fig.6 

corresponds to the vector of polarization of the incident radiation zξ ⊥
�

, while Fig.7 is for zξ
�
� . 
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Both the cases of rectangular (Fig.6a,b and Fig.7a,b) and diffused potential profiles (Fig.6c,d and 

Fig.7c,d) are considered. Here we consider the ground state ( 0l = , 1n = ) as the initial state for the  

transitions. It can be seen from the figures that the increase of incident radiation’s intensity leads to 

the decrease of peak values in all of the cases due to a negative contribution of the nonlinear part 

(stimulated emission) in the total absorption coefficient. In the case of zξ ⊥
�

 ( zξ
�
� ) the maxima of 

the absorption spectrum (AS) which correspond to the transitions { 0, 1} { 1, 1}l n l n= = → = =  (

{ 0, 1} { 0, 3}l n l n= = → = = ) are replaced by minima for enough large values of the radiation 

intensity. However the influence of the nonlinearity on the AS corresponding to the transitions 

{ 0, 1} { 1, 2}l n l n= = → = =  and { 0, 1} { 1, 3}l n l n= = → = =  ({ 0, 1} { 0, 2}l n l n= = → = =  and 

{ 0, 1} { 0, 4})l n l n= = → = =  for the case of zξ ⊥
�

 ( zξ
�
� ) is negligible. Comparison of the 

Figs.6a,b,c,d with the Figs.7a,b,c,d shows that the ASs which correspond to the case of zξ ⊥
�

 are 

more sensitive to the change of the incident radiation intensity than those which correspond to the 

case of zξ
�
�  because of the small energy difference and large value of the matrix element for the 

allowed transitions in the case of zξ ⊥
�

 (see Fig.3). It can also be concluded that for the direction of 

the polarization vector zξ ⊥
�

 for the structure with the same heights of the inner and the outer rings 

(Fig.6a,c) the interdiffusion leads to the decrease in the absorption coefficient, while for the rings 

with different heights (Fig.6b,d) an opposite effect is observed. In the case of zξ
�
�  the 

interdiffusion leads to the decrease of the absorption coefficient both for the structures with the 

same (Fig.7a,c) and the different (Fig.7b,d) heights of the inner and the outer rings. The positions of 

the AS peaks are in accordance with the corresponding differences of the energy levels (absorption 

threshold) presented in Fig.3. 

Summarizing the effect of interdiffusion on the electronic states and nonlinear light 

absorption in Gaussian-shaped double quantum ring structure is studied. The confining potential, 

electron energy spectrum, the probability densities and the absorption coefficient are obtained for 

different values of diffusion parameter and for the structures with the inner and outer rings of the 

same and the different heights. A non-trivial behavior of the electron probability density under the 

influence of interdiffusion significantly effects on the main properties of the absorption spectrum. 

The selection rules for the intraband transitions in the cases of the polarization of the incident 

radiation parallel and perpendicular to the axes of GS DQR are obtained. The obtained results 

indicate to the opportunity of the purposeful manipulation of the absorption spectrum by means of 

interdiffusion and possible variations in the structure geometry. 
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Fig.1 GS DQRs with the heights of the inner and the outer rings h1= h2 = 2R /3 (a) and h1 = 90Å, h2 = 150Å (b). The 
positions of the inner and the outer rings’ tops are at R/3 and 2R/3, respectively. x, y and z are given in Å.   
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Fig.2 Confining potential of  the GS DQRs with the same (the first row) and different (the second row) heights of the 
inner and the outer rings. ρ and z are given in Å. 
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Fig.3 Energy levels in GS DQRs with the same (a) and different (b) heights of the 
inner and outer rings. The solid lines correspond to the value of  azimuthal quantum 
number l = 0 and the dashed ones to l = 1. 
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Fig.4 Probability density for electron as a function of ρ and z coordinates in GS DQR of rectangular potential profile 
(L = 0)  with the same (a) and different (b) heights of the inner and the outer rings, for two different values of the 
quantum number n and three different values of the azimuthal quantum number l.  ρ and z are given in Å.  
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Fig.5 Probability density for electron in GS DQR as a function of ρ and z coordinates for four different values 
of the quantum number n and for three different values of diffusion parameter L. All figures correspond to the 
case of h1 = 90Å, h2 = 150Å and l = 0. ρ and z are given in Å. 
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Fig.6 Nonlinear intraband absorption coefficient of GS DQR for the direction of the light 

polarization vector: . Parameter  is taken 1meV.  
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Fig.7 Nonlinear intraband absorption coefficient of GS DQR for the direction of the light 

polarization vector: . Parameter  is taken 1meV. 
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