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a b s t r a c t

We use the Lee-Low-Pines variational method to clarify the effects of the spin-orbit cou-
plings on the properties of the quasi-one-dimensional Fr€ohlich polaron in the weak and
intermediate coupling limits of the electron-phonon interaction. Polaron energy and
polaron shift are investigated numerically and analytic expressions for the polaron self-
energy and effective mass are obtained as functions of the spin-orbit coupling parame-
ters. We have shown that the basic parameters of the polaron in nanowire can be effec-
tively manipulated by the Rashba and Dresselhaus spin-orbit couplings, and thus they can
be used for controlling the various physical processes in nanowires.

© 2017 Elsevier Ltd. All rights reserved.
1. Introduction

According to the Fr€ohlich polaron model, nonlocalized electron in polar crystals by interacting with the Bose-field of
optical phonons forms a new quasi-particle, the polaron. It is interesting to consider the polaron problem with tuned spin-
orbit (SO) splitting due to bulk and structure inversion asymmetry in low-dimensional systems. Currently, considerable
research has been devoted to the spin-dependent transport in semiconductor nanostructures with spin-orbit coupling
because of their potential for future device application [1e3]. One of the important issues is how to effectively control the
spin-depending properties of single electron. For this aim, the Rashba [4] and Dresselhaus [5] mechanisms of SO coupling of
confined electrons are relevant to low-dimensional systems with zinc-blende structure. Depending on the material char-
acteristics and external factors, either of these couplings or both of them together can play a leading role in spin-based solid
state nanoscale devices, since the intensities of Rashba and Dresselhaus spin-orbit coupling mechanisms can be controlled by
an external electric field and by specific material engineering methods, respectively. Over the past years a lot of studies have
focused on the role of SO coupling in the context of electron-polar optical phonon interaction in low-dimensional systems
[6e11]. Particularly, it has been shown that when the SO coupling energy is larger than the phonon energy, the polaron retains
only one of the spin-polarized bands in its coherent spectrum [6]. This has major implications for the propagation of spin-
polarized currents in such materials, and thus for spintronic applications. The results obtained in Refs. [7,8] illustrate that
in two-dimensional semiconductors, both the electron-phonon interaction and Fr€ohlich polaron mass correction are
significantly enhanced by the SO coupling. Particularly, it has been shown that the mass correction is positive for the upper
Rashba branch and negative for the lower Rashba branch. Both Rashba branches have the same polaron binding energy, which
is higher than that for systems in the absence of SO interaction [7]. The joint consideration of the Rashba and Dresselhaus
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mechanisms [8] shows that the self-energy correction of the electron energy as well as the polaron effective mass exhibit an
angular anisotropy unlike the case when only one of the SO coupling terms (Rashba or Dresselhaus) is considered. In Ref. 10
the two-dimensional Fr€ohlich electron-phonon problem is reformulated by introducing the coupling to a spin-orbit Rashba
potential which allows to consider jointly the spin-orbit coupling and the electron-phonon interaction. The ground state of
the resulting Fr€ohlich-Rashba polaron is studied in the weak and strong-coupling limits of the electron-phonon interaction
for arbitrary values of the spin-orbit splitting. It must be also noted that, even for nominal weak electron-phonon interaction,
in case of strong SO couplings the electrons interaction with phonons becomes effectively strong [11]. This result is inter-
preted by a topological change of the Fermi surface occurring at sufficiently strong SO coupling, which induces a square-root
divergence in the electronic density of states at low energies.

Although spin-dependent electron phenomena in nanowire has been extensively studied in recent years, to the best of our
knowledge, the influence of SO coupling on the Fr€ohlich polaron properties in nanowires has not been investigated yet. The
main objective of this paper is to analytically study the interplay between Rashba and Dresselhaus SO and electron-phonon
interactions in weak and intermediate coupling approximations and clarify the possibility of the control and manipulation of
polaron states via gate voltages.

2. Theoretical framework

We consider a polar semiconductor parabolic nanowire with a circular cross section of radius R, embedded into nonpolar
medium, and a uniform electric field applied perpendicularly to thewire axis. In addition, one can also consider that electrons
occupy only the lowest wire subband. The single electron Hamiltonian H0 in the presence of both the Dresselhaus and the
Rashba SO coupling terms is given by

H0 ¼
"
Z2

2m*

 bk2x þ bk2y þ bk2z
!
þ V0ðy; zÞ þ jejFy

#
I þ HR þ HD; (1)

wherem* is the electron effective mass, V0ðy; zÞ is the confining potential energy of an electron in nanowire, F is the intensity

of the electric field, e is the electron charge, I is the unit matrix, bkv ¼ �iv=vv; v ¼ x; y; z, HR and HD are the spin-orbit coupling
Rashba and Dresselhaus terms in nanowire, respectively.

The SO coupling which arises from structure inversion asymmetry in a nanowire and often referred to as the Rashba term,
can be written as

HSO ¼ Z2

ð2m0cÞ2
"
vVðy; zÞ

vy

�bs � bk�
y
þ vVðy; zÞ

vz

�bs � bk�
z

#
; (2)

b b
wherem0 is the bare mass of the electron, c the velocity of light, k is the wave vector operator, s ¼ ðsx; sy; szÞ is the vector
of the Pauli matrices, and

Vðy; zÞ ¼ V0ðy; zÞ þ jejFy (3)

is the lateral potential energy of the electron in the presence of an electric field. After substituting Vðy; zÞ into Eq. (2), HSO can

be explicitly written as

HSO ¼ Z2

ð2m0cÞ2
��

vV0ðy; zÞ
vy

þ jejF
��

szbkx � sxbkz�þ vV0ðy; zÞ
vz

�
sxbky � sybkx��; (4)
The effective Rashba Hamiltonian of nanowire is obtained by averaging the Hamiltonian (4) by means of the ground state

wave function of transverse ðy; zÞ degrees of freedom. Clearly 〈bkz ¼ 0〉 as well as 〈vV0ðy; zÞ=vz ¼ 0〉 since the subband wave
function along the z axis has even parity. The effective Rashba Hamiltonian of nanowire is then

HR ¼ abkxsz; (5)

where

a ¼ Z2

ð2m0cÞ2
�
〈
vV0ðy; zÞ

vy
〉þ jejF

�
: (6)

〈vV0ðy; zÞ=vy〉s0 since the inversion symmetry is lacking in the y direction due to electric field applying along y direction.
In order to obtain the Dresselhaus Hamiltonian in quasi-one-dimensional systems which associated with bulk inversion

asymmetry in semiconductors, we should integrate the bulk spin-orbit Hamiltonian
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HSO ¼ g

"
sxbkx

 bk2y � bk2z
!

þ sybky
 bk2z � bk2x

!
þ szbkz

 bk2x � bk2y
!#

; (7)

over the y and z directions. Here, g is a material constant. The effective Dresselhaus Hamiltonian then reduces to [12]

HD ¼ bbkxsx: (8)

where b ¼ gð〈k2y〉� 〈k2z 〉Þ.
As a result, the eigenstates and eigenvalues of the Hamiltonian (1) with parabolic confining potential

V0ðy; zÞ ¼ m*U2ðy2 þ z2Þ=2 ¼ m*U2r2=2 may be written as

E0km ¼ E0 þ
Z2k2

2m*
þ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

q
k; (9)

jkmðx; r;fÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Lð1� msinqÞ
p �

cosq
m� sinq

�
zðr;fÞexpðikxÞ; (10)

where k is the module of the one-dimensional electron wave number, m ¼ ±1 is the chirality quantum number, L is the
normalization length, the angle parameter q is defined as tgq ¼ a=b and describes the relative strength of the Rashba and
Dresselhaus SO couplings, E0 and zðr;fÞ are electron ground-state energy and lateral wave function, respectively, and are
given by

E0 ¼ ZU� e2F2

2m*U2;

zðr;fÞ ¼
�
m*U

pZ

�1=2

exp

(
�m*U

2Z

"
r2 þ 2r

eF

m*U2 cosfþ
�

eF

m*U2

�2
#)

;

(11)

where cosf ¼ y=r.
Since the polar semiconductor nanowire embedded into nonpolar medium, it is important to take the influence of the

geometry of the system on the phonon modes into account. The optical phonon modes as well as the phonon Hamiltonians
and the electron-phonon interaction Hamiltonians have been obtained in Ref. [13].

The Hamiltonian operators for the confined LO phonons, HLO; and for the interface phonons, HIO, are given by

Hs ¼
X
s

ZusaþssðqÞassðqÞ; (12)

where s ¼ LO and s ¼ IO denote the bulk-type and the interface-type optical phonon modes with one-dimensional wave
number q; respectively. The index s is given by m ¼ 0;±1;±2;…; l ¼ 1;2;… for the bulk-type phonons and m ¼ 0;±1;±2;…
for the interface-type phonons. aþss(ass) is the creation (annihilation) operator of the (ss) phonon mode. The energy for the
bulk-type LO phonon is equal to the bulk LO phonon energy ZuLO, being independent of the index s. The interface phonon
frequency, ZuIO, is derived from

ε∞ þ ðεs � ε∞Þu2
TO

u2
TO � u2

IO

¼ �ImðqRÞ½Km�1ðqRÞ þ Kmþ1ðqRÞ�
KmðqRÞ½Im�1ðqRÞ þ Imþ1ðqRÞ�

εd; (13)

whereuTO is the transverse optical phonon frequency, εs and ε∞ are the static and high frequency dielectric constants, εd is the
dielectric constant of the nonpolar medium, KmðxÞ and ImðxÞ are the first and second kind modified Bessel functions,
respectively.

The interaction Hamiltonian between the electron and the s-type optical phonons can be written as [13]

Hs
el�ph ¼ �

X
sq

h
Gs
s ðqÞGs

sqðrÞeimfe�iqxaþss þ H:c:
i

(14)

where

GLO
mlqðrÞ ¼ Jm

�
aml

r

R

�
; GIO

mqðrÞ ¼
	
KmðqRÞImðqrÞ; r � R;
ImðqRÞKmðqrÞ; r>R; (15)
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mlðqÞ




2 ¼ 4e2ZuLO

L
�
a2ml þ R2q2

�
J2mþ1ðamlÞ

�
1
ε∞

� 1
εs

�
; (16)




GIO
m ðqÞ




2 ¼ 4e2ZuIO

LImðqRÞK2
mðqRÞqR½Im�1ðqRÞ þ Imþ1ðqRÞ�

�
1

ε� εs
� 1
ε� ε∞

�
; (17)

JmðxÞ is the Bessel function of the m th order, aml is the l th zero of JmðxÞ.
Thus, the total Hamiltonian of the system can be written in the general form as:

H ¼ H0 þ HLO þ HIO þ HLO
el�ph þ HIO

el�ph: (18)
In the following, we consider the weak or intermediate electron-phonon coupling limit for the polaron with the Hamil-
tonian (18) and adopt the Lee-Low-Pines method [14] as usual to study the polaron problem in a nanowire. Two unitary
transformation operators can be introduced as follows,

S ¼ exp

(
� ix

X
sqs

qaþss qð Þass qð Þ
)
; (19)

and
U ¼ exp

(X
sqs

h
gssqa

þ
ssðqÞ � gs*sq assðqÞ

i)
; (20)

where gs are functions to be determined by the variational treatment. Then, the Hamiltonian (18) is transformed to
sq

Heff ¼ U�1S�1HSU and the expected value of this Hamiltonian is given by:

〈E〉 ¼ E0 þ
Z2k2

2m*
þ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

q
kþ

þP
sqs

 
Zus � Z2kq

m* þ Z2q2

2m* � m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

q
q

!


gssq


2�
�P

sqs

h
Gs
s ðqÞPssqgssq þ Gs*

s ðqÞPs*sq gs*sq
i
þ Z2

2m*

X
s

X
sq

X
s0q0

qq0



gssq


2


gss0q0 


2;

(21)

where
Pssq ¼ 〈zðr;fÞjGs
sqðrÞeimfjzðr;fÞ〉: (22)
From the variational condition d〈E〉=dgs*sq ¼ 0, we determine the following expression of gssq:

gssq ¼ Gs*
s ðqÞPs*sq

Zus � Z2kq
m* þ Z2q2

2m* � m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

q
qþ Z2qk

m* hs

; (23)

where
hs ¼ k�1
X
sq

q



gssq


2: (24)
The total energy of the system is found to be

Ekm ¼ E0km �
Z2k2

2m*

�
h2LO þ h2IO

�
�
X
sqs



Gs
s ðqÞ



2


Pssq


2
Zus � Z2kq

m* þ Z2q2
2m* � m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

q
qþ Z2qk

m* hs

: (25)
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When Z2k2=2m* is sufficiently small in comparison with Zus so that no spontaneous emission of phonons can occur, Eq.
(24) can be solved self-consistently for a given value of the electron energy. As a result we obtain the following equation for
hs:

hs
1� hs

¼
X
sq

2 Z2q2
m*




Gs
sq




2


Pssq


2�
Zus þ Z2q2

2m* � m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

q
q
�3; (26)
The polaron self-energy, Eselfpol , and the effective mass, mpol, for the motion parallel to the wire axis, are defined by

expanding the right hand side of equation (25) to terms quadratic in k:

Eselfpol ¼
X
sqs




Gs
sq




2


Pssq


2
Zus þ Z2q2

2m* � m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

q
q
; mpol ¼

m*

1� hLO � hIO
: (27)
The analytical expressions (25)e(27) allow us to calculate the energy as well as the basic parameters of Fr€ohlich polaron
(polaron self-energy and polaron effective mass).

3. Numerical results and discussion

Now, we perform numerical calculations of the polaron energy and basic parameters of the polaron in CdSe nanowires,
which attracts a lot of attention to their unique electronic and optical properties [15e18]. It is very important to find out how
the energies of the electronic states change when the electron-phonon and SO interactions are taken into account either
separately or jointly. It is also important to clarify the contributions of various phonon modes to the energy of the electronic
state and to the basic parameters of the polaron. Thus, we can determine the possibility of controlling the basic parameters of
the polaron by controlling the SO interaction. As discussed in many works the Dresselhaus term and the Rashba term can be
tuned to have equal strengths [19]. However, it was recently reported that the Dresselhaus SO coupling is absent in the CdSe
nanowire grown along the [0001] directions due to the producing of an ionic liquid gate [20]. Therefore in numerical cal-
culations we have discussed the influence of a spin-orbit coupling with and without Dresselhaus term.

For the calculation of polaron basic parameters of the CdSe nanowires, the following values of parameters of system are
used ε∞ ¼ 6:23; ε0 ¼ 9:56 [21], εd ¼ 2:25 [22], m* ¼ 0:13m0 [23], ZuLO ¼ 26:36 meV, ZuTO ¼ 20:67 meV [24]. In Fig. 1, we
show the typical curves representing quasi-1D electron (curves 1,2,3) and polaron (curves 4,5,6) dispersions with (curves
1,3,4,6) and without (curves 2,5) Rashba and Dresselhaus SO couplings at a ¼ b ¼ 4:5$10�10 eVcm and nanowire radius R ¼
8:3 nm. Curves 1 (3) and 4 (6) represent electron and polaron energies, respectively, with SO couplings for m ¼ 1 (m ¼ �1). The
comparison of results obtained with and without electronephonon interaction shows that the electron-phonon interaction
significantly reduces the electron energy and lifts the spin degeneracy of the electron dispersion, occurring at k ¼ 0 even
when both Rashba and Dresselhaus SO couplings are taken into account. The lower branch of electron energy E0k;�1; has a
Fig. 1. Quasi-1D electron (curves 1,2,3) and polaron (curves 4,5,6) dispersions with and without Rashba and Dresselhaus SOCs at a ¼ b ¼ 4:5$10�9 eVcm and R ¼
8:3 nm.



Fig. 2. Electron energy polaron shift due to electron interaction with interface and bulk-type optical phonons as a function of k at R ¼ 8:3 nm. Curves 1 (3) and 4
(6) represent polaron shifts with Rashba and Dresselhaus SOCs for m ¼ 1 (m ¼ �1). Curves 2 and 5 represent polaron shifts without SOC.

a
b

Fig. 3. Polaron self-energy (a) and polaron effective mass (b) as functions of the Rashba parameter a at b ¼ 0 and at R ¼ 8:3 nm. Curves (1) and (2) represent
polaron states with m ¼ 1 and m ¼ �1, respectively. Dashed-dotted curves show IO þ LO results at b ¼ 2:7$10�9 eVcm.
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minimum at k ¼ k0 ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

q
=Z2 with a depth mða2 þ b2Þ=2Z2. The electron-phonon interaction enhances the depth

value of the minimum and shifts it towards higher k.
The shift of the electron energy due to lattice polarization, so called polaron shift, which is presented by the second and

third terms in (25) is essentially dependent on the SO couplings in the quasi-one-dimensional structure considered here. The
dependence of the polaron shift on the module of the quantum number k shows (Fig. 2) that: i) with the increase of k the
module of the polaron shift caused by both electron-interface phonon and electron-bulk-type phonon interactions increases,
ii) the polaron shift corresponding to the 00 þ 00 ð00 � 00Þ-spin state is smaller (larger) than the ones without SO couplings.

The electron ground-state properties are determined by the electron self-energy due to electron-phonon interaction as
well as SO coupling. In Fig. 3 the self-energy and the effective mass of polaron are shown as a function of the Rashba SO
coupling parameter for 00 þ 00-spin state and 00 � 00-spin state. The polaron self-energy and effective mass have in commonwith
the increase of Rashba SO coupling parameter: both polaron basic parameters increase for the 00 þ 00-spin state and decrease
for the 00 � 00-spin state. It is unexpected to find significant changes in the magnitude of the contributions of the IO- and bulk-
type LO-phonon modes in these characteristics. In the same conditions (F ¼ 1 kV/cm, R ¼ 8:3 nm), the contribution of the IO
phonon modes to the polaron self-energy is dominant, but this cannot be asserted with respect to the polaron effective mass.
In this figure the contributions from electron-IO phonon (dashed curves) and electron-bulk-type LO phonon (dotted curves)
interactions as well as their total contribution (IO þ LO) (solid curves) in basic parameters of the polaron as a function of the
Rashba parameter a at b ¼ 0 are represented separately. We also represented the results of the total contribution obtained at
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b ¼ 2:7$10�9 eVcm (dashed-dotted curves). When considering the interaction of an electron with the phonon modes of IO,
bulk-type LO, as well as IO þ LO, the polaron mass (polaron self-energy) for the 00 � 00-spin state increases by 5.9, 20.3, 32.8
(17.6, 20.5, 18.3) percent, respectively, when b ¼ 0 and a increase from 0 up to 4:5$10�9 eVcm. In the same conditions, but b ¼
2:7$10�9 eVcm, the growth of the polaron mass (polaron self-energy) is 28.3 (11.1) percent, when both electron-IO phonon
and electron-bulk-type LO phonon interactions are taken into consideration jointly. For the 00 þ 00-spin state, the decrease of
the polaron mass (polaron self-energy), for b ¼ 0 and 0 � a � 4:5$10�9, is 2.8, 6.9, and 10 (12.3,13.6 and 12.6) percent,
respectively, when considering the electron interactions with the IO- and bulk-type LO-phononmodes separately and jointly.

These estimates show that the interplay between SO coupling and electron-phonon interaction in nanowire allows
different tailoring of the polaron properties of the two spin-polarized bands. Consequently, it is possible to consider these
tuned interactions as effective means for controlling various physical phenomena in nanowires. Therefore, the obtained
results can also be relevant to the experiments in nanowires.

4. Summary

In summary, we have theoretically investigated the interplay of Rashba SO coupling, Dresselhaus SO coupling and
electron-optical phonon interaction on the energy dispersion relations of the spin subbands in a polar nanowire. The obtained
numerical results clearly show that i) the polaron shift corresponding to the 00 þ 00 ð00 � 00Þ-spin state is smaller (larger) than the
ones without SO coupling, ii) the spin-orbit couplings can significantly modify the polaron spectrum in nanowire. The ob-
tained functional dependences of the polaron energy as well as the basic parameters of the polaron on the SO coupling, allow
us by using both the features of phonon modes and the possibilities of the controlling the Rashba and Dresselhaus param-
eters, to perform estimations and effectively control the various electronic phenomena in nanowires.
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