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Abstract  In this paper, we investigate the behavior of 
critical points of some polynomials whose roots are the 
vertices of some parallelogram, in case of rotation two of 
them on a given circle. In this case, the trajectory is the 
Cassini ovals. 
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1. Introduction 
The branch of mathematics, named after book of 

American mathematician Morris Marden [1] as Geometry of 
Polynomials, gives a geometric relationship between the 
zeroes of a polynomial with complex coefficients and the 
zeroes of its derivative. Marden’s theorem [1,2] is the most 
beautiful theorem in Geometry of Polynomials and 
conjectures of Sendov [3] and Smale [3,4] are two 
challenging problems of this branch.  

First a dynamic behavior of critical points of some 
polynomials, when moving one of the roots on the given path, 
was investigated by the authors in [5,6]. 

This article is a continuation of research in this area. The 
main result of which is to prove the following statement: 

Theorem 1. If the zeros of fourth-degree polynomials are 
pairwise symmetric with respect to the origin, then the locus 
of the critical points of the given polynomial, in motion one 
of the couples around the origin, are Cassini ovals. 

A similar result will be formulated in the case of multiple 
roots. 

2. Main Results 
Turn to the proof of the main statement of this article. 

Theorem 1. If the zeros of fourth-degree polynomials are 
pairwise symmetric with respect to the origin, then the locus 
of the critical points of the given polynomial, in motion one 
of the couples around the origin, are Cassini ovals. 

Proof. Without loss of generality assume that 

𝑧𝑧1 = −𝑎𝑎, 𝑧𝑧2 = 𝑎𝑎, 𝑧𝑧3 = 𝑏𝑏𝑒𝑒𝑖𝑖𝑖𝑖, 𝑧𝑧4 = −𝑏𝑏𝑒𝑒𝑖𝑖𝑖𝑖 

is items found roots of the next polynomial  

𝑃𝑃(𝑧𝑧) = (𝑧𝑧2 − 𝑎𝑎2)(𝑧𝑧2 − 𝑏𝑏2𝑒𝑒2𝑖𝑖𝑖𝑖) 

With derivative 

𝑃𝑃′(𝑧𝑧) = 2𝑧𝑧 (2𝑧𝑧2 − 𝑎𝑎2 − 𝑏𝑏2𝑒𝑒2𝑖𝑖𝑖𝑖) 

Let 𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖𝑖𝑖 then 

𝑥𝑥2 − 𝑖𝑖2 + 𝑖𝑖 2𝑥𝑥𝑖𝑖 =
𝑎𝑎2 + 𝑏𝑏2𝑒𝑒2𝑖𝑖𝑖𝑖
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Thus  

16𝑥𝑥2𝑖𝑖2 = 𝑏𝑏4 − (2(𝑥𝑥2 − 𝑖𝑖2) − 𝑎𝑎2)2 

And 

16𝑥𝑥2𝑖𝑖2 + 4(𝑥𝑥2 − 𝑖𝑖2)2 = 𝑏𝑏4 + 4𝑎𝑎2(𝑥𝑥2 − 𝑖𝑖2) − 𝑎𝑎4 

Whence 

4(𝑥𝑥2 + 𝑖𝑖2)2 = 𝑏𝑏4 + 4𝑎𝑎2(𝑥𝑥2 − 𝑖𝑖2) − 𝑎𝑎4 

Then  
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Theorem is proved. 

Remark 1.  If the zeros of fourth-degree polynomials are 
symmetric with respect tо the origin,   then the locus of the 
critical points of the given polynomial, in motion one of the 
couples around the origin, are lemniscates of Bernoulli. 
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Remark 2. If the zeros of fourth-degree polynomials are 
pairwise symmetric with respect to the origin, then the locus 
of the critical points of the given polynomial, is the origin 
and the foci of this midpoint-tangent inellipse whose zeroes 
are the vertices of the quadrangle.  

This assertion follows from Proposition 5 of the article [7]. 
Similarly, we can prove the following theorem. 
Theorem 2. If two pair of zeros of polynomials are 

pairwise symmetric with respect to the origin and symmetric 
zeros have the same multiplicity, then the locus of the 
nontrivial critical points of the given polynomial, in motion 

one of the couples around the origin, are Cassini ovals. 

3. Conclusions 
In the paper we consider the dynamic behavior of the 

critical points of some polynomials, with the motion of 
some of the roots of the polynomial along a given 
trajectory. 

A similar problem was studied in first time in [5] and it is 
of interest a more general formulation of this problem in the 
case of polynomials of general form. 

Appendix 

 
Figure 1.  Cassini oval in case of 𝑏𝑏 < 𝑎𝑎. 

 
Figure 2.  Cassini oval in case of  𝑏𝑏 = 𝑎𝑎. 

 

Figure 3.  Cassini oval in case of  𝑏𝑏 > 𝑎𝑎. 
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