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Abstract
Light transmission through and reflection from a medium layer with dielectric and magnetic
helicities are discussed. The axes of the dielectric permittivity tensor, ε̂, and the magnetic
permeability tensor, µ̂, as well as the medium helix axis are all parallel to each other and they
are perpendicular to the boundary surfaces. The possibilities of formation of some new types
of photonic bandgaps (PBGs) are presented for large anisotropies of the medium—namely,
direct and indirect nonselective PBGs (with respect to the incident light polarization, in
contrast to the usual direct PBGs, which are selective with respect to the polarization of the
incident light). It is shown that a transmission region can arise among the three types of PBGs,
in certain conditions, of course. In this paper we generalize the concept of nihility for
structurally chiral media, such as cholesteric liquid crystals (CLCs) and we identify two types
of CLC nihilities. It is shown that, for certain characteristic parameters of the medium,
superluminal light propagation is possible in the transmission band. The influence of the
anisotropy of the medium on the reflection spectra is considered and it is shown that one can
tune the width, number and frequency range of PBGs of this layer, at essentially large limits,
tuning the parameters of the layer. The case of oblique light incidence on the CLC layer is also
discussed.

Keywords: photonics, chiral photonic crystals, cholesteric liquid crystals, nanoparticles, eigen
polarizations, diffraction, reflection, transmission, superluminal propagation, photonic
bandgap

(Some figures may appear in colour only in the online journal)

1. Introduction

Liquid crystals (LCs) possess a unique complex of properties.
Although they were discovered in 1888 [1], their intense
investigation has started since the 1960s, when LC displays
were invented. The second boom of interest in LCs was
connected with the consideration of LCs as photonic crystals
(PCs), since the 2000s. PCs exhibit photonic bandgaps
(PBGs) in which electromagnetic wave propagation is not
possible, and they have attracted much interest due to their
ability to manipulate photons in optical micro-devices [2–5].
The most well-known and most applicable LC is the
cholesteric liquid crystal (CLC), of course. CLCs have
self-organized helical structures due to which they can be
regarded as one-dimensional (1D) PCs. The interest in CLCs
is due to their structural softness, that is, the fact that the

CLC helix period can easily be tuned by changing the CLC
composition, temperature, mechanical tensions, light, etc
[6, 7]. From the theoretical point of view, CLCs are famous,
because exact analytical solutions of Maxwell’s equations for
the light propagation along the helix axis of the medium have
been found [8, 9]. Further, in [10] an exact analytical solution
for a CLC planar layer with finite thickness was obtained.
The case of oblique light incidence is more complicated.
In [11, 12] an approximate analytical solution based on
the dynamical theory of diffraction was developed. Another
approximate method was proposed in [13]. In this case
an exact analytical solution was found in [14]. Numerical
studies [15] of finite CLC layers were made by Berreman’s
4 × 4 matrix method [16].

The dielectric anisotropy of CLC, 1 = ε2−ε1
2 , is of the

order of 0.5 and the corresponding PBG width is smaller than
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100 nm (1λ < 100 nm; ε1, ε2 are the principal values of the
local dielectric permittivity tensor of CLC). The possibility
of tuning of the medium parameters leads to the possibility
of manipulation of the frequency and width locations of the
PBGs, which, in turn, considerably widens the sphere of
applications of CLCs. To widen the PBG frequency region
CLCs with a helix pitch gradient are often used ([17–19]; see
also the references cited therein). On the other hand, liquid
crystalline suspensions of various micro- or nanoparticles
have recently been at the centre of renewed interest, because
of their ability to combine the fluidity and anisotropy of
liquid crystals with the specific properties of the introduced
particles. The presence of nanoparticles (either ferroelectric
or ferromagnetic) in the CLC structure leads to an essential
increase of its local (both dielectric and magnetic) anisotropy,
a significant change of the isotropic phase–liquid phase
transition temperature, a significant change of the photonic
bandgap frequency width and the frequency localization,
a change of the CLC elasticity coefficients, a significant
increase of the CLC tuning possibilities, etc [20].

Theoretically, the optical properties of CLC with huge
dielectric anisotropies were considered in [21]. Then, the
optical properties of CLC with both dielectric and magnetic
anisotropies were discussed in [22, 23] (also see some
papers cited therein). Analogous investigations for artificial
helicoidal bi-anisotropic media were carried out in [24].
Moreover, the case of CLC with both dielectric and magnetic
anisotropies, for huge local anisotropies, was considered
in [23].

Recently, metamaterials have been of special inter-
est [25–27], and investigations of PCs made of metamaterials
are very urgent, because their PBGs possess rich optical
peculiarities. Recent scientific and technical progress shows
that media with both non-unit dielectric and magnetic tensors
(ε̂ 6= Î, µ̂ 6= Î) can be artificially made also in the optical
range. In this range, metamaterials and media with negative
refraction index as well as PCs can be made, using the
above-said materials and media. It seems that helically
structured media can be created on a metamaterial base, too,
which are like CLCs, but have huge anisotropy. Such media
but with comparatively less anisotropy were created a long
time ago [28, 29]. It follows from this that investigation
of the optical properties of CLCs with both dielectric and
magnetic helicities and for arbitrary values of the dielectric
and magnetic local tensor components is also very pressing.
Our work is devoted to theoretical investigation of the optical
properties of such media (see figure 1).

2. Normal incidence

2.1. Wavevectors and group velocities

We assume that the electromagnetic wavelength is much
larger than the characteristic sizes of the metamaterial
structural elements of which the subject medium is
constructed and that the medium can be considered as
continuous and characterized by the dielectric and magnetic
tensors.

Figure 1. A sketch diagram of a model CLC cell. The red (light)
ellipsoids are the structural elements responsible for the dielectric
properties, and the blue (dark) ellipsoids are the structural elements
responsible for the magnetic properties.

Now we consider light propagation in such a medium,
possessing dielectric and magnetic helicities, with the
principal axes ε̂ and µ̂, coinciding with each other, and let
one of them (the z-axis) be coincident with the helix axis,

ε̂(z) = εm

1+ δε cos 2az δε sin 2az 0

δε sin 2az 1− δε cos 2az 0

0 0 1− δε

 ,
µ̂(z) = µm

1+ δµ cos 2az δµ sin 2az 0

δµ sin 2az 1− δµ cos 2az 0

0 0 1− δµ

 ,
(1)

where εm = (ε1 + ε2)/2, µm = (µ1 + µ2)/2, δε = (ε1 −

ε2)/(ε1 + ε2), δµ = (µ1 − µ2)/(µ1 + µ2), ε1 and ε2 are the
principal values of the local permittivity tensor, µ1 and µ2 are
the principal values of the permeability tensor and a = 2π/p,
where p is the helix pitch. Firstly, we consider the case of
light propagation along the helix axis and we do not take
into account the effects of optical dispersion or absorption at
first; i.e. in the first step, we suppose that the dielectric and
magnetic tensor components are constant and do not depend
on the frequency; the imaginary parts are very small and
they also do not depend on the frequency. The solution of
Maxwell’s equations has the form [8, 9]

EE(z, t) =
4∑

j=1

[E+j En+ exp(ik+j z)

+ E−j En− exp(ik−j z)] exp(−iωt),

(2)

where En± = (Ex ± iEy)/
√

2 are the unit vectors of circular
polarizations; k+j and k−j are the z components of the

wavevectors (k+j − k−j = 2a), which are determined from the
dispersion equation and have the form

k+j = a+ Kj, k−j = −a+ Kj,

Kj = ±
2π
λ

b±
(3)

and

b± =
√
εmµm

(
1+ χ2 − δεδµ ± γ

)
,

γ =

√
4χ2 + (δε − δµ)2

(4)

where χ = λ/
(
p
√
εmµm

)
and λ is the wavelength in vacuum.

Let us enumerate eigen solutions (3) in the following
way: j = 1 and 4, correspondingly, for the signs ‘+’ and ‘−’
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before 2π
λ

b+ in (3); and j = 2 and 3, correspondingly, for the
signs ‘+’ and ‘−’ before 2π

λ
b−. The amplitudes, E+j and E−j ,

are related as

ξj =
E−j
E+j
=

(
1− iτj

)(
1+ iτj

) , (5)

where τj = ±
2χ2
+(1+δµ)(δµ−δε)±(1+δµ)γ

2iχb± .
In the investigations of optical properties of CLCs two

coordinate frames are commonly used: the laboratory frame,
(x, y, z), with the z axis parallel to the axis of the CLC
helix, and the rotating frame, (x′, y′, z′), with the z′ axis
coinciding with the z axis, while the x′ and y′ axes are
parallel to the primary direction of the dielectric permittivity
(magnetic permeability) tensor. Two approaches are possible
when solving Maxwell’s equations.

(1) Leaving invariable the vectors of the electric and
magnetic fields, as well as the two corresponding inductions,
one can transform the tensor of the dielectric permittivity to
the form

ε̂(z) = R̂(az)ε̂0R−1(az),

where ε̂0 =

(
ε1 0 0
0 ε2 0
0 0 ε2

)
is the dielectric permittivity local

tensor, and the rotation matrix is R̂(az) =

(
cos az − sin az 0
sin az cos az 0

0 0 1

)
(and

the same for the magnetic permeability).
(2) Leaving invariable the dielectric permittivity tensor

(and the magnetic permeability tensor) in the local reference
frame, one can transform the vectors of the electric and
magnetic fields and the corresponding inductions, according
to the equation EE(z) = R̂−1(az)EE(z).

Both methods are equivalent and ultimately give the
same result. Solution (2) presents the solution of Maxwell’s
equation in the laboratory reference frame. Let us only note
that the solution of Maxwell’s equations in the rotating frame
has the form

EE(z, t) =
4∑

j=1

EE0j exp(iKjz) exp(−iωt), (6)

i.e. Kj are the wavevectors of the fields in the rotating frame.
First, let us discuss the peculiarities of the eigen solutions

in the case of low local anisotropy, i.e. both δε � 1 and
δµ � 1 (compare with [21]).

Figure 2(a) presents the dependences of k±1,2 and τ1,2 on
the wavelength. From the four roots only those two which
have positive imaginary parts are selected. In figure 2(b),
the dependences of K1,2 on the wavelength are presented.
It follows from formula (2) that for light propagation along
the medium axis, only four eigen modes are present, each
of which is the superposition of two circular polarized plane
waves. According to the signs of k+j and k−j in formula (2),
they can either be the two waves with opposite circular
polarizations travelling in the same direction (in the case of
the same signs of k+j and k−j ), or the two waves with the same
circular polarization travelling in opposite directions (in the
case of opposite signs of k+j and k−j ).

Figure 2. (a) The dependences of k±1,2 and τ1,2 on the wavelength,
λ. (b) The dependence of K1,2 on the wavelength, λ. The CLC
parameters are ε1 = 2.29, ε2 = 2.143, µ1 = 1.1, µ2 = 1,
p = 420 nm.

In solution (j = 1), for all frequencies, the k+1 and k−1 have
the same (positive) sign, and |τ1| ∼ |δε − δµ| (consequently,
E−1 � E+1 ), with the exception of the short-wavelength limit,
λ < p|δε − δµ|. Therefore, solution (j = 1) corresponds
(in the order of |δε − δµ|) to the right hand circularly
polarized wave (the CLC has a right-handed helix). In the
ultra-short wavelength region, i.e. for λ � p|δε − δµ|, these
amplitudes become comparable (approximately equal) and
solution (1) corresponds to the linearly polarized wave,
with the polarization plane rotating with the period, p,
round the helix twist, along the z axis, and everywhere the
polarization plane is perpendicular to the local orientation
of the director. In this limit, we have for k±1 , k±1 ≈ ±

2π
p +

2π
λ

(
1+ 1

2 |δε − δµ|
)

. Solution (j= 4) is analogous to solution

(1), but it describes the wave travelling in the opposite
direction.

In solution (j = 2), the wavevectors, k+2 and k−2 ,
depending on the wavelength, can either be real with opposite
signs, or be complex, or be real and have the same sign. The
region of complex values of k+2 and k−2 is near the Bragg

wavelength, λ0 = p
√
ε1µ1+ε2µ2

2 .
The limits of this region are determined from the

condition, b− = 0 (or K = 0), and they have the forms

λ1,2 = p
√
εmµm(1± δµ)(1± δε), or

λ1,2 = p
√
ε1,2µ1,2.

(7)
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Figure 3. The dependences of k±1,2 and τ1,2 on the wavelength, λ.
The CLC parameters are ε1 = −0.9, ε2 = 0.7, µ1 = 1.25,
µ2 = 0.5, p = 420 nm.

This wavelength region corresponds to the PBG, that is,
propagating waves polarized circularly and having the same
handedness as the media helix are absent in this region.
We have in the PBG |τ2| = 1. Consequently, in this region,
solution (j = 2) corresponds to the linearly polarized wave.
Furthermore, near the short-wavelength limit of the PBG, the
electric field is perpendicular (at each point in the CLC) to
the director, near to the long-wavelength limit it is oriented
along the director, and for intermediate wavelengths, the
orientation of the electric field is continuously rotating from
the first direction to the second one. Outside the PBG (with
the exception of the short-wavelength range) |τ2| ∼ |δε − δµ|

(and, consequently, E−2 � E+2 ). Therefore, solution (j = 2)
corresponds (is of the order of |δε − δµ|) to the right hand
circularly polarized wave. In the range of ultra-short waves,
i.e. for λ� p|δε − δµ|, these amplitudes become comparable
(approximately equal), and solution (j = 2) corresponds to the
linearly polarized wave, with the polarization plane rotating
round the helix twist along the z axis, with the period p. In
this case, the eigen mode polarization plane is everywhere
parallel to the local orientation of the director. In this limit,

we have for k±2 , k±2 ≈ ±
2π
p +

2π
λ

(
1− 1

2 |δε − δµ|
)

. Solution

(j = 3) is analogous to solution (j = 2), but it describes the
wave travelling in the opposite direction.

Thus, only the eigen mode with the circular polarization
coincident with the CLC helix handedness (see below)
undergoes diffraction reflection in the case of light
propagation along the CLC axis and for low local anisotropy.
Substantially, diffraction reflection takes place only in the first
order and it is completely absent for all the high orders, which
is illustrated by the dispersion curves in figures 2(a) and (b).

It is obvious from figure 2(a) that Re k−2 < 0 and
Im k−2 > 0, which means that in the laboratory frame, negative
refraction takes place for the component with the left circular
polarization (solution (j = 2)), i.e. the phase velocities and the
Pointing vectors for this component are anti-parallel. As one
can see from the graph, the directions of the phase and group

velocities,
(
Evg =

∂ω(Ek)
∂Ek

)
,
(
Evp =

ω(Ek)
Ek

)
, are also anti-parallel.

Figure 4. The dependence of K1,2 on the wavelength, λ. The CLC
parameters are the same as in figure 3.

Analogously, one can see from figure 2 that in the rotating
frame, in the third part of the spectra (on the right of the PBG),
Re K2 < 0 and Im K2 > 0, i.e. here again negative refraction
and anti-parallel phase and group velocities (or anti-parallel
wavevectors and Pointing vectors) are observed.

It is obvious from figure 2(b) that in the region Re K2 = 0
we have Im K2 6= 0, i.e. the diffraction mode is absolutely
evanescent in the rotating frame. The diffraction modes are
not absolutely evanescent in the laboratory frame, because
for them Re k±2 6= 0 when Im k±2 6= 0 (in the absence of
absorption, of course).

Now we pass to the large anisotropy case. In figures 3
and 4 the same dependences as in figures 2(a) and (b) are
presented, but for ε1 = −0.9, ε2 = 0.7, µ1 = 1.25 and µ2 =

0.5 (the other parameters are the same). Below we specify the
peculiarities of this case.

In solution (j = 1), for both large and low anisotropies,
k+1 and k−1 have the same (positive) sign for all wavelengths,
but since |τ1| is not much less than the unit, solution (j = 1)
corresponds to the right elliptically polarized wave.

In this case, the equation b− = 0, which defines the limits
of the PBG, has only one solution, namely, λ2 = p

√
ε2µ2;

therefore, the PBG extends from λ = 0 to λ2. In this zone
again the diffraction mode (the non-propagating mode) is
absolutely evanescent in the rotating frame.

In the bandgap, we have |τ2| = 1. Consequently, in this
zone, solution (j = 2) corresponds to the linearly polarized
wave, as in the case of low anisotropy. Outside the PBG,
solution (j = 2) corresponds to the right elliptically polarized
wave.

Then, one can see from figures 3 and 4 that there is
a wavelength zone (zone 3), where all wavevectors become
complex (they have imaginary parts even in the absence
of absorption or amplification). Such a situation arises
because γ in (4) can become purely imaginary at large
anisotropies. The wavelength, λ0, defined from the equation,
γ = 0, is the short-wavelength limit of this new region.
The wavelength, λ0, defined from the mentioned condition

has the form λ0 =
p|δε−δµ|

√
|εmµm|

2 . It is easy to show that
λ0 ≥ λ1,2. Indeed, for λ0 − λ1,2, we have λ0 − λ1,2 =

p|εmµm|

(
(δε ± 1)2 +

(
δµ ± 1

)2). This new region extends

to λ = +∞. It is essential that in this region the CLC
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Figure 5. The dependence of K1,2 on the wavelength, λ. p = 420 nm. The CLC other parameters are (a) ε1 = −0.9, ε2 = −0.7,
µ1 = −0.7, µ2 = −0.5; (b) ε1 = 0.9, ε2 = −0.7, µ1 = 0.7, µ2 = 0.5; (c) ε1 = −0.9, ε2 = −0.7, µ1 = −0.7, µ2 = 0.5; (d) ε1 = 0.9,
ε2 = −0.7, µ1 = 0.7, µ2 = −0.5; (e) ε1 = −0.9, ε2 = 0.7, µ1 = −0.7, µ2 = 0.5; (f) ε1 = −0.9, ε2 = 0.7, µ1 = −0.1, µ2 = 0.6.

manifests an indirect PBG by the analogy of its electronic
counterparts (here the band of the anti-crossing leads to band
edges that are not aligned in EK-space). In this case, the band
edges move away from EK = 0 into the reduced Brillouin zone,
so that the non-propagating eigen modes in the bandgap (the
ones with complex wavevectors) do not fit anymore with the
definition of evanescent modes

(
Re EK = 0, Im EK 6= 0

)
. We

can see from figure 4 that Re K2 < 0 and Im K2 > 0, in the
first and third parts of the spectra (on the right side of the
direct PBG) in the rotating frame, i.e. there exists negative
refraction; consequently, anti-parallelism of the phase and
group velocities is observed there.

Detailed investigation of the eigen solution peculiarities
for light propagation along the CLC axis results in the
characteristic cases (see below), which are defined by the
components of the dielectric and magnetic tensors. Let us also
note that figure 5 presents the dependences of K1,2 on the
wavelength for the cases mentioned below. Based on these
graphs and by the analogy of the above presented analyses,
one can make out the concepts of the peculiarities of the eigen
solutions for the following cases.

(a) εmµm > 0. When εm > 0, µm > 0, |δε| < 1, |δµ| <
1 (figure 2), or when εm < 0, µm < 0, |δε| < 1, |δµ| < 1

(figure 5(a)), there exists a finite PBG region, with the limits
defined by formula (7). Outside this region, the reflection has
Fresnel reflection character. In the cases of εm > 0, µm > 0,
when |δε| > 1, |δµ| < 1 (or |δε| < 1, |δµ| > 1; figure 5(b)), or
in the case εm < 0, µm < 0, when |δε| > 1, |δµ| < 1 (or |δε| <
1, |δµ| > 1; figure 5(c)), equation (8) has only one solution,
which means that the PBG extends from the wavelength λ =
0 to the wavelength λ2 = p

√
εmµm(1+ |δµ|)(1+ |δε|) (the

PBG long-wave limit). In the region λ > λ2, the reflection
has Fresnel reflection character. In the cases εm > 0, µm > 0,
when |δε| > 1, |δµ| > 1 (figure 5(d)) and εm < 0, µm < 0,
when |δε| > 1, |δµ| > 1 (figure 5(e)), there is a finite region
of the PBG, as far as λ1 and λ2 are real and non-zero. In
the region λ < λ1 (λ1 is the short-wave limit of the PBG),
a new type of PBG (non-Bragg type) appears. Here we have
γ > 0, but all the wavevectors are purely imaginary, and
total reflection takes place (independent of the incident light
polarization). When λ > λ2 (λ2 is the long-wave limit of the
PBG), the reflection is a Fresnel one.

(b) εmµm < 0. This case substantially differs from the
other. As was already mentioned above, in this case one
more characteristic wavelength arises, defined by the γ = 0
condition. Determined by this condition, the wavelength λ0 =
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p||δε |−|δµ||
√
|εmµm|

2 is greater than λ2. The value of γ is purely
imaginary if λ > λ0, and therefore all wavevectors become
complex (i.e. they have both real and imaginary parts) and
there is an indirect PBG in this region. Here total reflection
independent of the polarization takes place too. In the case
εmµm < 0, if |δε| < 1, |δµ| > 1 (figure 4), or if |δε| > 1,
|δµ| < 1, the equation b− = 0 has only one solution, λ = λ2 =

p
√
εmµm(1+ |δµ|)(1+ |δε|). Therefore, in the 0 < λ < λ2

region, diffraction reflection is observed that is dependent on
the polarization of the incident light. In the region λ2 < λ <

λ0, the reflection has Fresnel reflection character. In the case
εmµm < 0, if |δε| > 1, |δµ| > 1 (figure 5(f)), again, we have
a finite region of diffraction reflection; therefore, in the region
λ1 < λ < λ2, we have diffraction reflection depending on the
polarization. In the region λ2 < λ < λ0, the reflection has
Fresnel reflection character. Finally, in the regions 0 < λ < λ1

and λ > λ0, the new (non-Bragg type) PBGs are observed.
Thus, in this case, three PBGs are formed (figure 5(f)):

a nonselective (independent of the polarization) direct PBG
(region I), a selective (depending on the polarization) direct
PBG (region II), and a nonselective (independent of the
polarization) indirect PBG (region IV), and, finally, the
transmission region (region III) between the last two regions.
One can see from figure 5(f) that in the transmission region
(region III) interesting dispersion dependence is observed, for
both the solutions K1 and K2. For the solution K1, the group
velocity can become arbitrarily great (the main peculiarity
here is that it occurs for the propagating (not evanescent)
mode).

(c) εm = µm = 0 and p 6= 0. Chiral nihility media
have recently been the subject of renewed interest. The
concept of nihility media in electromagnetism was introduced
by Lakhtakia [30], and they are media with dielectric and
magnetic permittivities simultaneously equal to zero. Then,
Tretyakov et al [31] used the concept of nihility for isotropic
chiral metamaterials, which have been investigated intensively
in recent years ([32–35]; see also the references cited therein).
Since the CLCs are locally anisotropic, we define the CLC
with chiral nihility as the CLC with εm = µm = 0 and
p 6= 0. Two types of helical structures with such parameters
are possible, namely (1) ε1

µ1
=

ε2
µ2
< 0 (the first type of

chiral nihility) and (2) ε1
µ1
=

ε2
µ2
> 0 (the second type of

chiral nihility). The two types differ from each other only
by the phase of modulation of their dielectric and magnetic
permittivities. In the first case, the phases coincide. In the
second case, the difference of phases is π/2. Representing Kj

in the form

Kj =

±

√
ω2

c2
ε1µ2+ε2µ1

2 + a2 ±

√(
ω2

c2
ε1µ2−ε2µ1

2

)2
+ 4a2 ω2

c2 εmµm,

one can be convinced that, for the conditions εm = µm = 0
and p 6= 0, we have√(

ω2

c2

ε1µ2 − ε2µ1

2

)2

+ 4a2ω
2

c2 εmµm = 0,

and therefore

Kj = ±

√
ω2

c2

ε1µ2 + ε2µ1

2
+ a2.

For CLCs with chiral nihility of the first type, Kj always
is real; meanwhile, the value of Kj becomes imaginary in

the second case, for the wavelengths λ ≤ p
√∣∣ ε1µ2+ε2µ1

2

∣∣.
Correspondingly, in the first case, the CLC is transparent and,
in the second case, a new type of PBG arises, namely, the
CLC totally reflects the light with arbitrary polarization in the
spectral region,

λ ≤ p

√∣∣∣∣ε1µ2 + ε2µ1

2

∣∣∣∣.
Let us turn to the group velocity. The Vgzi =

∂ω
∂kzi

(the
group velocities) of the four refracted eigen waves (EWs) have
the following forms:

vgz1 =
cp2γ b+

2λ2 + εmµmp2((δε − δµ)2 + γ (1− δεδµ))
,

vgz2 =
cp2γ b−

2λ2 + εmµmp2((δε − δµ)2 − γ (1− δεδµ))
,

vgz3 = −vgz1, vgz4 = −vgz2.

(8)

When light travels through a periodically inhomogeneous
medium, dispersion (that is, a dependence of the medium’s
optical characteristics on the frequency) arises even in the
absence of boundaries, and even if the components of the
dielectric permittivity and magnetic permeability tensors are
constant. This dispersion is caused by the structure of the
medium. Due to this fact, the group velocity of the light
pulse wavepackets travelling through the medium differs
from the phase velocity. Here two interesting effects can be
observed: superluminal propagation (vg > c) and super-slow
propagation (vg � c) and even stopping of the light pulse
(vg = 0).

We are investigating the specific properties of the group
velocities for the eigen solutions both for the low anisotropy
case and for large anisotropies. For the case of low local
anisotropy (both δε � 1 and δµ � 1), there is a finite PBG,
with its borders defined by formula (7). In this case, the said
group velocity for the non-propagating mode is less than the
light speed in vacuum outside the PBG, and within the PBG
itself superluminal propagation (vg > c) is observed. In the
case of large anisotropy some interesting situations arise. For
example, in the case εmµm > 0 at |δε| > 1 and |δµ| � 1, or at
|δµ|> 1 and |δε| � 1, equation (5), as was already said above,
has only one solution, which shows that the PBG starts at
λ1 = 0 and reaches λ2 = p

√
εmµm(1+ |δµ|)(1+ |δε|). Here,

as our calculations show, superluminal light propagation is
observed in the transmission region. Moreover, superluminal
propagation is observed in a certain region for both modes.
This is a new result, because superluminal propagation in
periodic media is usually observed in PBGs. Note that
superluminal propagation (in the transmission region) is
observed in other cases for larger anisotropy as well.
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Let us also note that the presence of these new types of
PBGs and the presence of the transmission region in them at
larger anisotropy lead to a few new and exciting peculiarities
for the tunnelling time.

2.2. Light reflection and transmission through the layer

Now we consider light reflection and transmission for a CLC
layer possessing permittivity and permeability. The axes ε̂
and µ̂ are assumed, as before, to be coincident with the axis
of the medium, which, in its turn, is perpendicular to the
boundary surfaces. The light incidence is normal. We present
the solution of this boundary problem, which represents a
system of eight linear equations, in the form(

E+r
E−r

)
=

(
R11 R12

R21 R22

)(
E+i
E−i

)
,(

E+t
E−t

)
=

(
T11 T12

T21 T22

)(
E+i
E−i

) (9)

where the indices i, r and t denote the incident, reflected
and transmitted waves, R̂ and T̂ are the 2 × 2 reflection
and transmission matrices. As the exact solutions for the
reflection and transmission matrix elements are known, the
exact expressions for the eigen polarizations and eigen values
are also known (see [22, 23]) too, and we pass to the analysis
of our results.

In figure 6, the reflection spectra for some above-
mentioned characteristic cases, as well as for a few new cases,
are presented. The incident light in the left column has right
circular polarization (RCP; the red (light grey) solid lines)
and left circular polarization (LCP; the red (light grey) dashed
lines), and it is linearly polarized along the axes x (blue (dark
grey) solid lines) and y (blue (dark grey) dashed lines); in
the right column the incident light has eigen polarizations.
The CLC layer helix is right-handed and its pitch is p =
420 nm. Hereafter we consider the case n0 =

√
ε = 1, i.e. we

suppose that the CLC layer is located in vacuum. The first row
corresponds to the case εm > 0, µm > 0 and |δε| � 1, |δµ| �
1. In the case εm < 0, µm < 0 and |δε| � 1, |δµ| � 1, the
reflection spectra are the analogues to the spectra presented in
the first row. The second row corresponds to the case εm < 0,
µm > 0 and |δε| � 1, |δµ|< 1. Similar spectra are observed in
the case εm > 0,µm < 0 and |δε|< 1, |δµ| � 1. The graphs of
the third row simulate the case εm > 0, µm > 0 and |δε| � 1,
|δµ| < 1. The reflection spectra for εm < 0, µm < 0 and
|δε| < 1, |δµ| � 1 are the analogues to the reflection spectra
shown in the third row. The fourth row corresponds to the case
εm > 0, µm > 0 and |δε| � 1, |δµ| � 1. For the case εm < 0,
µm < 0 and |δε| � 1, |δµ| � 1, the reflection spectra are
the analogues to the spectra presented in the fourth row. The
reflection dependences for the parameters ε1 = −0.9, ε2 =

0.7, µ1 = −0.1 and µ2 = 0.6 are presented in the fifth row
(for this case, the wavevector dependences on the wavelength
are presented in figure 5(f)). This case is interesting, because
in this case, as is mentioned above, PBGs of different types
are formed, namely a direct PBG of a finite length and

sensitive to the incident light polarization (region II), a direct
PBG independent of the incident light polarization (region I)
and an indirect PBG, again independent of the incident light
polarization (region IV), and the transmission region (region
III). Figure 6(k) presents the reflection spectra for a CLC
with chiral nihility of the second type. In this case, in the
short-wave part of the spectrum, only a nonselective direct
PBG is observed. (In this case, we take ε1 = 0.9, ε2 = −0.9,
µ1 = 0.8 and µ2 = −0.8.) The main feature of the reflection
spectrum of the CLC layer (for both the first and the second
types of chiral nihilities) is its absolute independence of the
polarization of the incident light (the reflection spectra are
identical for arbitrarily polarized light incidence), although
the medium has helical structure (for both dielectric and
magnetic local anisotropies). As was mentioned above, there
is not a PBG for a CLC with chiral nihility of the first type;
moreover, according to our simulations, for n0 = 1 and ε1

µ1
=

ε2
µ2
= −1, there is no reflection, and R ≡ 0, while there is

a PBG with a finite length for a CLC with chiral nihility of
the second type, and out of this PBG the reflection decreases
(oscillating). In both cases the medium rotates the polarization
plane of the light and the transmitted (through the layer) light
has elliptical polarization.

Eventually, in figure 6(l), we present the reflection spectra
when in the long-wave part of the spectrum only an indirect
PBG that is nonselective to the incident light polarization
arises. (In this case we take ε1 = 0.9, ε2 = 0.7, µ1 = 1.25
and µ2 = −0.5.) One can see from this figure that in this case
there again is a reflection independence of the incident wave
polarization and, again, both inside and outside the PBG.

Now we pass to the group velocity peculiarity
investigation, when light travels through a layer of CLC
with a finite thickness. In this case, one more mechanism
of dispersion appears, caused by multiple reflections from
the dielectric borders. Here the interaction of light pulses
with the optical system (with the layer of finite thickness)
is considered in the form of narrow-band wavepackets, and
the effective (averaged) group velocity of the transmitted light
pulses, being normalized by c (light velocity in vacuum), is
determined as in [36, 37]. This velocity is expressed by the
complex transmission coefficient

vg =
d

cτg
, (10)

where

τg =
λ2

2πc

∂ arg t

∂λ
. (11)

In figure 7, we present the dependence of the group
velocity on the wavelength. Figure 7(a) corresponds to the
case of low anisotropy (the parameters here are the same
as in figures 2 and 6(a)). The wave incident on the layer
has right (blue solid line) and left (red dashed line) circular
polarizations. As is seen from figure 7(a), superluminal
propagation is observed in the region of the PBG. This result
has been known for a long time [36]. Figure 7(b) corresponds
to the case of large anisotropy (the parameters here are
the same as in figures 2 and 6(c)). As one can see from
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Figure 6. The reflection spectra for different values of the anisotropy. In the left column the incident light is RCP (red (light grey) solid
lines) and LCP (red (light grey) dashed lines), and it is linearly polarized along the x axis (blue (dark grey) solid lines) and along the y axis
(blue (dark grey) dashed lines); the incident light in the right column has eigen polarizations. The CLC layer helix is right-handed and its
pitch is p = 420 nm. n0 =

√
ε = 1 (ε is the dielectric permittivity of the surroundings of the CLC layer). The CLC layer parameters are

(a) and (b) ε1 = 2.29, ε2 = 2.143, µ1 = 1.1, µ2 = 1.0, d = 25p (d is the CLC layer thickness); (c) and (d) ε1 = −0.9, ε2 = 0.7, µ1 = 1.25,
µ2 = 0.5, d = 5p; (e) and (f) ε1 = 0.9, ε2 = −0.7, µ1 = 0.7, µ2 = 0.5, d = 5p; (g) and (h) ε1 = 0.9, ε2 = −0.7, µ1 = 0.7,
µ2 = −0.5, d = 5p; (i) and (j) ε1 = −0.9, ε2 = 0.7, µ1 = −0.1, µ2 = 0.6, d = 5p; (k) ε1 = −0.9, ε2 = 0.9, µ1 = −0.9, µ2 = 0.9, d = 5p;
(l) ε1 = −0.9, ε2 = 0.7, µ1 = 1.25, µ2 = −0.5, d = 5p.

figure 7(b), superluminal propagation is observed not only in
the regions of the PBGs (here there are two of them), but in the
transmission region (which is between the two PBGs), and this
is a completely new result. Surely, there also are peculiarities
concerning the photonic density of states.

In figure 8, the dependence of the tunnelling time on
the layer thickness is presented. Figure 8(a) corresponds to
the case of low anisotropy (the parameters here are the same
as in figure 7(a)). The incident wave has right (blue solid
line) and left (red dashed line) circular polarizations. The

8
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Figure 7. The dependence of the group velocity on λ. The incident light has right (blue solid line) and left (red dashed line) circular
polarizations. (a) The parameters are the same as in figure 6(a); (b) the parameters are the same as in figure 6(c).

Figure 8. The dependence of the tunnelling time on the CLC layer thickness. The incident light has right (blue solid line) and left (red
dashed line) circular polarizations. (a) The parameters are the same as in figure 6(a); (b) the parameters are the same as in figure 6(c).

wavelength of the incident light is in the centre of the PBG.
As is seen from figure 8(a), the tunnelling time of the incident
wave with left circular polarization (the CLC helix is right)
increases linearly. If the thickness of the layer increases, the
tunnelling time for the incident wave with RCP is practically
unchanged, after a certain thickness. This is the well-known
Hartman’s effect that is considered to be true also for
large anisotropies. Hartman’s effect is observed for incident
waves with wavelengths in the short-wave PBG (the Bragg
type PBG). However, an interesting situation is observed
in this case for the incident wave with the wavelength in
the transmission region. Figure 8(b) corresponds to the case
of large anisotropy (here the parameters are the same as
those in figure 7(b)). In this case, the tunnelling time is
oscillating with monotonically increasing amplitude. It is
obvious from figure 8(b) that a small change of the layer
thickness results in significant changes of the tunnelling
time. There is a shift from superluminal propagation to

super-slow propagation. Therefore, such behaviour leads to
a new realm of possibilities in telecommunications and
information technology, all-optical computing systems and
all-optical communication systems. It has inviting application
prospects for the development of fast-access memories and
optically controlled delay lines, etc.

Let us turn to the investigation of the influence of
the medium’s optical anisotropy on the reflection spectra.
Figures 9 and 10 present density plots of the reflection spectra
as a function of the CLC layer anisotropy. The incident
light has linear polarization along the y axis (left column)
and the x axis (right column). As is seen from the figures,
anisotropy value changes lead to different types of PBGs.
Here not only is the PBG number changed, but also their
frequency locations and their frequency bandwidths, and
all of these occur in significantly large frequency intervals.
In figures 9(e) and (f), for a certain anisotropy we have
ε1µ1 = ε2µ2 and the direct PBG sensitive to the incident
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Figure 9. The density plot of the reflection spectra as a function of the CLC layer anisotropy, x. The incident light has linear polarization
along the y axis (left column) and the x axis (right column): (a) and (b) ε1 = 2.5+ x, ε2 = 2.5− x, µ1 = 1.0+ x, µ2 = 1.0− x, d = 5p;
(c) and (d) ε1 = 0.5+ x, ε2 = 0.5− x, µ1 = 0.5+ x, µ2 = 0.5− x, d = 4p; (e) and (f) ε1 = 1.25+ x, ε2 = 3.25− x, µ1 = 2.75− x,
µ2 = 0.625+ x, d = 50p; (g) and (h) ε1 = −1.1+ x, ε2 = 0.9− x, µ1 = 1.49− x, µ2 = 0.31+ x, d = 5p.

light polarization disappears. For a certain value of the
anisotropy, total reflection is observed in practically all of the
frequency range.

Thus, our results show that by changing the medium’s
local anisotropy one can tune the reflection/transmission in a
significantly wide range. Again, one can obtain wide/narrow
ranges of the total (or selective) range of reflection, or
wide/narrow ranges of the total (or selective) range of

transmission, etc, and one can tune the anisotropy, in
particular, for the case of softness of the structure of the
system, using external fields (electric, magnetic, etc) by tuning
the orientation of the anisotropic structural elements of the
system. Hence, the subject systems can be used as tunable
filters or mirrors with tunable frequency location and the
tunable frequency width of the corresponding regions, or as
non-reflecting coatings, etc.
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Figure 10. The density plot of the reflection spectra as a function of the CLC layer anisotropy, x. The incident light has linear polarization
along the y axis (left column) and the x axis (right column): (a) and (b) ε1 = −0.725+ x, ε2 = 0.525− x, µ1 = 1.115− x, µ2 = 0.685+ x,
d = 4p; (c) and (d) ε1 = −3.75+ x, ε2 = 8.75− x, µ1 = 9.375− x, µ2 = −4.75+ x, d = 10p; (e) and (f) ε1 = −2.5+ x, ε2 = 2.5− x,
µ1 = 1.25, µ2 = 0.75, d = 5p; (g) and (h) ε1 = 2.5− x, ε2 = 2.5, µ1 = 2, µ2 = 2.0− x, d = 5p.

Let us pass to the CLC with nihility. Figure 11 presents
the density plot of the reflection spectra as a function of
the CLC layer anisotropy for εm = µm = 0 and p 6= 0. As
was mentioned above, here absolute polarization insensitivity
is observed (that is, the reflection spectra are identical for
arbitrarily polarized incident light). In figure 11(a), for a
certain value of x (near to the value x ∼ 2) the nihility type
changes.

3. Oblique incidence

Now we pass to the investigation of oblique light incidence.
We carry the numerical calculations out as follows. To

find the reflection and transmission matrices for the CLC
layer we divide the CLC layer (with the thickness d) into
many thin sub-layers of thicknesses l1, l2, l3, . . . , lN . If the
maximum thickness is sufficiently small, one can consider that

11



J. Opt. 15 (2013) 125103 A H Gevorgyan and M S Rafayelyan

Figure 11. The density plot of the reflection spectra as a function of the CLC layer anisotropy, x. (a) ε1 = −2.5+ x, ε2 = 2.5− x,
µ1 = −1.5+ x, µ2 = 1.5− x, d = 5p; (b) ε1 = −2.5+ x, ε2 = 2.5− x, µ1 = −2.5− x, µ2 = 2.5+ x, d = 5p.

Figure 12. The dependence of the reflectance coefficient, R, on the wavelength, λ, and the incident angle, θ , in the case of weak anisotropy,
|δε| < 1, |δµ| < 1. The incident light has right (a) and left (b) circular polarization, as well as linear polarization along the x axis (c) and the
y axis (d). The parameters are ε1 = 2.5, ε2 = 2.1, µ1 = 1.5, µ2 = 1.1, d = 20p, p = 420 nm.

each sub-layer is a linear birefringent plate, and the CLC layer
with the thickness d can be considered as a stack of parallel
and very thin birefringent layers; the principal axis of each
sub-layer is turned with respect to the preceding one by the
small angle 2π/N. We find the reflection and transmission
matrices of the CLC layer by applying Ambartsumian’s

layer addition modified method [38]. In accordance with this

method

R̂j = r̂j +
˜̂tjR̂j−1

(
Î − ˜̂rjR̂j−1

)−1
t̂j,

T̂j = T̂j−1

(
Î − ˜̂rjR̂j−1

)−1
t̂j,

(12)
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Figure 13. The same as in figure 12, but for a larger anisotropy. The parameters are ε1 = −0.9, ε2 = 0.7, µ1 = −0.1, µ2 = 0.6, d = 5p,
p = 420 nm.

where R̂j, T̂j, R̂j−1, T̂j−1 are the reflection and transmission
matrices of the CLC layer with j- and (j − 1)-sub-layers,
respectively, and r̂j, t̂j are the reflection and transmission
matrices of the jth birefringent sub-layer. Thus, this problem
is reduced to the calculation of the reflection and transmission
matrices of the birefringent homogeneous layers. The
analytic solution of this problem is well known (see, for
instance, [15]). We pass to the analysis of the obtained results.

In figure 12, we present a three-dimensional graph of
the dependence of the reflectance coefficient, R, on the
wavelength, λ, and on the incident angle, θ , in the case
of weak anisotropy: |δε| < 1, |δµ| < 1. The incident light
has right (a) and left (b) CP, and linear polarization along
the x axis (c) and y axis (d). In figure 13 the same is
presented as in figure 12, for the cases of a finite PBG of
Bragg type (region II), a nonselective direct PBG (region I),
a nonselective indirect PBG (region IV) and a transmission
region between the last two PBGs (region III). As is seen
from the figures, when the incidence angle increases, different
PBGs behave differently. For instance, if the incidence angle
increases, the Bragg type PBGs, narrowing their frequency
widths on both sides, shift to short wavelength; meanwhile,
the nonselective direct and indirect PBGs usually widen their
frequency widths.

In figure 14, we present a three-dimensional plot of
the dependence of the reflectance coefficient, R, on the
wavelength, λ, and the incident angle, θ , in the cases of a
CLC with the first nihility type (a) and the second type (b).
The incident light has right circular polarization. Nonselective
reflection with respect to nihility occurs in oblique light
incidence too.

4. Conclusion

In conclusion, it is to be noted that we consider light
transmission and reflection in the cases of normal and oblique
light incidence on a CLC layer with dielectric and magnetic
helicities. The axes of the local tensors, ε̂ and µ̂, as well as
the helix axis are parallel to each other, being perpendicular
to the system borders. The wavevectors and group velocities
of the eigen waves are calculated. Cases of both large and
low anisotropies are considered, as well as the case when the
system has an effective negative refraction. It is shown that
in the general case of arbitrary anisotropy, various types of
PBGs can arise in the CLC: direct PBGs selective with respect
to the incident light polarization, nonselective direct PBGs
and nonselective indirect PBGs. For certain parameters of the
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Figure 14. The dependence of the reflectance coefficient, R, on the wavelength, λ, and the incident angle, θ , in the cases of the first type of
chiral nihility (a) and the second type (b). The incident light has right circular polarization. The parameters are (a) ε1 = −0.9, ε2 = 0.9,
µ1 = 0.9, µ2 = −0.9, d = 5p; (b) ε1 = −0.9, ε2 = 0.9, µ1 = −0.9, µ2 = 0.9, d = 4p, p = 420 nm.

medium, these three types of PBGs can appear together. The
reflection and transmission matrices are constructed, and the
characteristics of the eigen polarizations of the reflected and
transmitted waves are investigated. The influence of the local
anisotropy on the reflection is considered. The peculiarities
of the group velocity are investigated and it is shown that
for certain parameters of the medium superluminal light
propagation is possible not in the PBG, but in the transmission
band, which opens new possibilities for applications of
this effect. Also, the concept of nihility is generalized for
structurally chiral media, such as the CLC in this paper,
defining two types of nihilities.

Acknowledgment

One of the authors (MSR) thanks the Armenian State
Committee of Science for financial support of this research
under Grant 13A-1c34.

References

[1] Reinitzer F O 1888 Monatsh. Chem. 9 421
[2] Joannopoulos J, Meade R and Winn J 1995 Photonic Crystals

(Princeton, NJ: Princeton University Press)
[3] Sakoda K 2001 Optical Properties of Photonic Crystals

(Berlin: Springer)
[4] Johnson S G and Joannopoulos J D 2002 Photonic Crystals:

The Road from Theory to Practice (Boston, MA: Springer)
[5] Fink Y, Winn J N, Fan S, Chen C, Michel J, Joannopoulos J D

and Tomas E L 1998 Science 282 1679
[6] de Gennes P G and Prost J 1993 The Physics of Liquid

Crystals 2nd edn (Oxford: Clarendon)
[7] Khoo I-C 2007 Liquid Crystals (Hoboken, NJ:

Wiley-Interscience)
[8] Oseen C W 1933 Trans. Faraday Soc. 29 883
[9] de Vries H 1951 Acta Crystallogr. 4 219

[10] Vardanyan G A and Gevorgyan A A 1997 Cryst. Rep. 42 663
[11] Belyakov V A and Dmitrienko V D 1974 Sov. Phys.—Solid

State 15 1811
[12] Dmitrienko V E and Belyakov V A 1974 Sov. Phys.—Solid

State 15 2213

[13] Oldano C 1985 Phys. Rev. A 31 1014
[14] Lakhtakia A and Weiglhofer W S 1996 Microw. Opt. Technol.

Lett. 12 245
[15] Wohler H, Fritsch M, Haas G and Mlynski D A 1988 J. Opt.

Soc. Am. A 5 1554
[16] Berreman D W 1972 J. Opt. Soc. Am. 62 502
[17] Belalia M, Mitov M, Bourgerette C, Krallafa A, Belhakem M

and Borman D 2006 Phys. Rev. E 74 051704
[18] Lee C-R, Lin S-H, Yeh H-C and Ji T-D 2009 Opt. Express

17 22616
[19] Wei S K H and Chen S H 2011 Appl. Phys. Lett. 98 111112
[20] Jeng S-C, Hwang S-J, Hung Y-H and Chen S-C 2010 Opt.

Express 18 22572
[21] Vardanyan G A, Gevorkyan A A, Eritsyan O S,

Arakelyan O M and Tovmasyan G A 1998 Cryst. Rep.
43 740

[22] Gevorgyan A A 2000 Opt. Spectrosc. 89 631
[23] Gevorgyan A H 2002 Opt. Spectrosc. 92 207
[24] Lakhtakia A 1998 Opt. Commun. 157 193
[25] Engheta N and Ziolkowski R W (ed) 2006 Metamaterials:

Physics and Engineering Explorations (Hoboken, NJ:
Wiley-IEEE) p 440

[26] Ramakrishna S A and Grzegorczyk T M 2009 Physics and
Applications of Negative Refractive Index Materials
(London: Taylor and Francis)

[27] Cai W and Shalaev V 2009 Optical Metamaterials:
Fundamentals and Applications (Berlin: Springer)

[28] Robbie K, Brett M J and Lakhtakia A 1996 Nature 384 616
[29] Hodgkinson I J, Wu Q H, Knight B, Lakhtakia A and

Robbie K 2000 Appl. Opt. 39 642
[30] Lakhtakia A 2002 Int. J. Infrared Millim. Waves 23 813
[31] Tretyakov S, Nefedov I, Sihvola A, Maslovski S and

Simovski C 2003 J. Electromagn. Waves Appl. 17 695
[32] Qiu C-W, Burokur N, Zouhd S and Li L-W 2008 J. Opt. Soc.

Am. A 25 55
[33] Cheng X, Chen H, Wu B-I and Kong J A 2009 IEEE Antennas

Propag. Mag. 51 79
[34] Tuz V R and Qiu C-W 2010 Prog. Electromagn. Res. PIER

103 139
[35] Baqir M A, Syed A A and Naqvi Q A 2011 Prog.

Electromagn. Res. M. 16 85
[36] Longhi S, Marano M, Laporta P and Belmonte M 2001 Phys.

Rev. E 64 055602
[37] Gevorgyan A H 2004 Opt. Spectrosc. 96 877
[38] Gevorgyan A H and Harutyunyan M Z 2007 Phys. Rev. E

76 031701

14


