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Abstract

The su(n) symmetric antiferromagnetic finite chain with the fundamental representation
nearest-neighbor interaction is studied. A partial ordering between the lowest energy levelE(Y)

in multiplet sectors corresponding to different Young tableauxY is established for the chains wi
arbitrary site-dependent couplings.

For the open chains it is proved thatE(Y1) > E(Y2) if Y2 may be obtained fromY1 moving down
some of its boxes. In particular, the ground state of the chain belongs to the antisymmetric multiplet
sector. For the rings the same condition is fulfilled if, in addition, all rows ofY2 are of even or odd
length. The ground state issu(n) singlet if the chain’s length is a multiple ofn both for open and
periodic chains.

The results generalize the well known Lieb–Mattis theorem to chains with higher symmetri
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1. Introduction

The properties of the ground state of one-dimensional spin systems have been
intensively over a long period. In most cases the numerical simulations and perturbati
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methods are only investigation tools. Analytic solutions to these systems are rarely
able therefore any exact result in this area is highly appreciated. Among them we men
the exact solution of the spinS = 1/2 nearest-neighbor antiferromagnetic Heisenberg c
by Bethe[1]. Later Bethe ansatz was applied to some other one-dimensional spin m
In particular, nearest-neighborsu(n) chain with spins living inn-dimensional fundamenta
representation was solved exactly by Sutherland[2]. Since the original works[3,4], much
attention have been paid also to those spin models, which are not integrable but
ground states can be constructed exactly.

Nevertheless in many cases it is possible somehow to retrieve information abo
ground state without possessing the exact solution. It was proved rigorously that the
state of antiferromagnetic HeisenbergS = 1/2 ring with an even number of sites has to
spin zero, i.e., is a singlet[5]. This result was generalized to higher spins and dim
sions[6]. The uniqueness of ground state had been proved also[6–8]. The approach is
extended later tosu(n) chains with self-conjugate antisymmetric representation[9]. The
major advantage of this method is that it canbe applied to rather general class of mod
with arbitrary antiferromagnetic spin exchange couplings, depending on lattice site
defined on anybipartite lattice[7,9]. Note however that recentlythe exact results have bee
obtained for frustrated spin systems on lattices with reflection symmetry without dem
ing their bipartiteness[10,11].

For the antiferromagnet on bipartite lattice with rather generalsu(2) Hamiltonian Lieb
and Mattis[7,8] proved exactly that among all spin-S multiplets only one exists with min
imal eigenvalueE(S). For the chains with open boundary conditions and for the rings
even number of spins, the lowest energy levelE(S) is ordered in a natural way, i.e., it
an increasing function of the spinS. In particular, the ground state of spin-1/2 open chain
with even number of spins is spin-singletSgs = 0 and unique, while with odd number
spins it is spin-doubletSgs = 1/2 and twofold degenerate. For periodic chain the sa
condition is fulfilled provided that it has an even number of spins. Note that very rec
the ordering of the energy levels for ferromagneticS = 1/2 Heisenberg chain have be
established and proved[12].

In this article we formulate and prove the analogue of this theorem forsu(n) symmetric
open and periodic chains with nearest-neighbor interaction and sites endowed w
fundamental representation.

The models with such symmetry have many applications in condensed matter p
In particular, the low energy properties of Sutherland chain are described by conf
field theory[13]. Moreover, the spin systems, whose Hamiltonians contain higher
spin exchange terms, may possesssu(n) symmetry at the certain point of the phase spa
For instance,su(4) symmetric point exists in well known spin–orbital model[14,15]and
two-leg spin ladder model[16]. RecentlyS = 1 Heisenberg model with additional b
quadratic interactions possessingsu(3) symmetric point[17,18] have been investigate
The systems with higher symmetries are used in quantum computation and quantum
mation[19].
For the convenience, the main result of the article is given in the next section, while the
subsequent sections are devoted to its complete proof.
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In Section2 a partial order for Young tableaux is introduced. Then the main theore
this article, which sets up a partial ordering of the lowest energy levels of different se
corresponding to different Young tableaux, is formulated.

Section3 contains some known results from the representation theory ofsl(n,C) Lie
algebra, which are used in the subsequent sections.

In Section4 the relative ground states on the weight subspaces are studied. For op
chains they are proved to be unique, while for rings the uniqueness is proved for the
subspaces with either even or odd color multiplicities.

In Section5 the multiplets, to which the relative ground states belong,are determined
The lowest energy levels in the sectors related to non-equivalent multiplets are compared
each other. It is proved that they are ordered according to the partial order for correspondin
Young tableaux, introduced in Section2. This completes the proof of the main theorem

The results are summarizedand discussed in Section6.
Appendix contain the proof of well-known Perron–Frobenius theorem about the

degeneracy of the minimal eigenvalue of connected matrix with non-positive off-dia
elements.

2. Main result

The Hamiltonian ofsu(n) symmetric nearest-neighbor antiferromagneticN -site chain
(seeFig. 1) with fundamental representation has the following form:

H =
D(N)∑
l=1

n2−1∑
a=1

Jl l+1X
a
l Xa

l+1,

(1)whereD(N) =
{

N − 1 for open chains,

N for periodic chains,
andJl l+1 > 0.

Heren2 − 1 = dimsu(n) and the first and (N + 1)th sites of the periodic chain are iden
fied. The elementsiXa are anti-Hermitian matrices acting onn-dimensional spaceVn and
forming the basic ofsu(n) Lie algebra in the fundamental representation. The bold
script inXa

l means that the operatorXa acts the spaceVn attached tolth site of the chain
The basic elements obey the commutation relations[Xa,Xb] = i

∑
c fabcX

c , wherefabc

is a real antisymmetric tensor and are normalized as Tr(XaXb) = δab.

(a) (b)
Fig. 1. (a) The one-dimensionalN -site Sutherlang chain with open boundary conditions (open chain). (b) The
8-site chain with periodic boundary conditions (ring).
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If all couplings take equal valuesJl l+1 = J then the Hamiltonian(1) is reduced to wel
known Sutherland chain, which is exactly solvable by Bethe ansatz[2].

The total space of states of the chain(1) can be decomposed as

(2)VN =
⊕

Y

VN
Y

, whereVN :=
N⊗

i=1

Vn.

Here VN
Y

is the subspace ofVN formed by allsu(n) multiplets belonging to thesame
equivalence class characterized by the Young tableauY. We will call it in the following a
Y multiplet sector. Due tosu(n) symmetry, the HamiltonianH has block-diagonal form
with respect to this decomposition.

The equivalence classes of irreduciblesu(n) representations, which can appear in
decomposition(2), are described by Young tableaux withN boxes having no more thann
rows. Let us introduce a partial order in the set ofsu(n) Young tableaux.

Definition 1. Let Y1 andY2 be two Young tableaux with thesamenumber of boxes. We
setY1 � Y2 if Y2 may be obtained fromY1 by the displacement of some of its boxes fro
the upper rows to the lower ones.

Example 1. In the tableaux below the lettersa andb mark the boxes, which change the
positions. We have for anyn � 3:

(3)� � .

Remark 1. Note that not all Young tableaux can be compared in this way for higher (n > 2)

algebras. For example, the two tableauxY1 = andY2 = with six boxes each
are not related to each other by the partial order defined above.

Definition 2. We will say that the Young tableauY has a certain parity (even or odd) if th
length parities of all rows inY are equal (are even or odd correspondingly).

Now, we are ready to formulate the main result of this article.

Theorem 1. Denote byE(Y) the relative ground state energy on theY multiplet sectorVN
Y

of N -site chain(1). Then for open chains:

(i) E(Y) increases with respect to the partial order forY. In other words, ifY′ � Y then
E(Y′) > E(Y);

(ii) The relative ground state energy levels are non-degenerate in the sense that am

Y multiplets only one has the lowest valueE(Y).
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For periodic chains, the two aforementioned conditions are fulfilled if, in addition,
Young tableauY has a certain parity in the sense ofDefinition2.

The theorem allows to get information about the degeneracy andsu(n) structure of the
total ground state of finite chain.

Corollary 2. The space spanned by all ground states ofN -site chain(1) forms:

(i) one-dimensionalsu(n) singlet, ifN ≡ 0 (modn), both for periodic and open chains;
(ii) n-dimensional fundamentalsu(n) multiplet, ifN ≡ 1 (modn), for open chains;
(ii) Cm

n -dimensionalmth order antisymmetricsu(n) multiplet, if N ≡ m (mod n),1 <

m � n − 1, for open chains.

Proof. ForN -site chain denote byYgs the Young tableau, whose all columns haven boxes
besides the last one, which hasm ≡ N (modn) boxes. FromDefinition 1of the partial or-
der it is evident thatYgs ≺ Y for any other Young tableauY. Note thatYgs corresponds
to Cm

n -dimensional antisymmetricsu(n) representation (see Section3). If m = 0 (one-
dimensionalsl(n,C) singlet,Ygs is n × (N/n) rectangle) thenYgs is either even or odd
because its all rows have the same length (= N/n). The application ofTheorem 1com-
pletes the proof.

Remark 2. In case ofsu(2)-symmetry,(1) is equivalent to
∑D(N)

l=1 Jl l+1SlSl+1, which
corresponds to well-known Heisenberg antiferromagnetic chain. HereS = (Sx, Sy, Sz) is
the spin operator on a site. The Hamiltonian is invariant on the subspace of constan
of the total spin operatorS = ∑N

l=1 Sl .

As has been mentioned in Introduction, for the Heisenberg antiferromagnet on bipar
lattice with rather general Hamiltonian Lieb and Mattis[7,8] proved exactly that amon
all spin-S multiplets only one exists with minimal eigenvalueE(S). Remember that th
lattice is called bipartite if it can be separated into two disjoined sublatticesA andB in
such a way that the interactions present between the spins from different sublattices on
The open chain and the periodic chain with even number of sites are the examp
bipartite lattice. The ground state of this Hamiltonian has total spinSgs = |SA − SB|,
where SA and SB are the maximum possible spins of the two subsystems. In a
tion, the lowest energy levelE(S) for each spin valueS � Sgs is ordered in a natura
way, i.e., if S1 > S2 � Sgs thenE(S1) > E(S2). It follows from their result, in particu
lar, that the ground state of spin-1/2 open or periodic chain with even number of sp
(SA = SB) is spin-singlet and unique. At the same time the ground state of open
with odd number of spins (SA = SB ± 1/2) is spin-doubletSgs = 1/2 and twofold de-
generate. So it is clear that the conditionS � Sgs is fulfilled for S = 1/2 chains. Hence

Theorem 1andCorollary 2are in agreement with the energy level ordering established
before[7,8].
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3. sl(n,C) algebra and its representations

3.1. Definition and fundamental representation

As soon as we are dealing in this article with complex representations, the co
extension of the real Lie algebrasu(n), which coincides with the algebrasl(n,C) of all
traceless complexn × n matrices, should be used instead.

The algebrasl(n,C) consists of the diagonal parth, called Cartan subalgebra, upperb+
and downb− triangular matrices, called Borel subalgebras:sl(n,C) = b− ⊕ h ⊕ b+.

h = span{ eii − ei+1 i+1 | 1 � i � n − 1},
b+ = span{ eij | 1 � i < j � n},

(4)b− = span{ eij | 1 � j < i � n},
whereeij (i, j = 1, . . . , n) aren × n matrices, acting on the complex spaceVn, with single
non-zero entry atith row andj th column:eij := |i〉〈j |. In fact, the generators in(4) are
given in thedefiningor fundamentalrepresentationρf of sl(n,C) algebra. In the field
theory language, the basic states|1〉, . . . , |n〉 are called often the color states. Theith color
is assigned to the basic state|i〉. In case ofsl(2,C), the two colors correspond to spin-u
and spin-down states.

Let εi be the basic of linear forms dual toeii : εi(ejj ) = δij (i, j = 1, . . . , n). Then the
sets of positive∆+ ⊂ h∗, negative∆− ⊂ h∗ and all∆ ⊂ h∗ roots are

∆+ = {αij | 1 � i < j � n}, ∆− = {αji | 1 � i < j � n},
(5)∆ = ∆− ∪ ∆+, whereαij = εi − εj .

For anyα = αij , i �= j we use another notations:eα := eij and hα := eii − ejj . Thus,
the positive rootsα ∈ ∆+ (negative rootsα ∈ ∆−) correspond to the upper Borel sub
gebraeα ∈ b+ (lower Borel subalgebraeα ∈ b−). Note also, ifα ∈ ∆+ then−α ∈ ∆−
and vise versa. The roots±αi , whereαi := αi i+1 (i = 1, . . . , n − 1), are called simple
roots. Anyα ∈ ∆± can be expressed in terms of simple roots with integer coefficien
α = ±∑n−1

i=1 niαi , whereni ∈ Z, ni � 0.
The basis, generated byhαi , eα , α ∈ ∆, i = 1, . . . , n − 1, is known as the Cartan–We

basis. The commutations in this basis have the following simple form:

[h, eα] = α(h)eα, ∀h ∈ h,

[h1, h2] = 0, ∀h1, h2 ∈ h,

(6)[eα, eβ ] =



hα, if β = −α andα ∈ ∆+,

0, else ifα + β /∈ ∆,

eα+β, if α + β ∈ ∆.

The basic colors|i〉, i = 1, . . . , n, areweight stateswith the weightsεi each. This
means thatρf(h)|i〉 = εi(h)|i〉 for all h ∈ h. Thehighest weight state, which is annihilated
by all elementsρf(eα), whereα ∈ ∆+, is the state|1〉 and the highest weight isε1. Other

basic states could be obtained from|1〉 by successive application of lowering elements:
Vn = ρf(b−)|1〉. Note that the elementseα ∈ b+ (eα ∈ b−) increases (decreases) the color.



ow-
ntation,

pre-
se

rd

ible
on–
g

y out
m-
lets,
ach
m the
d

n-
T. Hakobyan / Nuclear Physics B 699 [FS] (2004) 575–594 581

Remark 3. Sometimes, in the representation theory of Lie algebras allmth order (1� m �
n − 1) antisymmetricsl(n,C) representations are called fundamental. In this article, h
ever, we use more convenient notations for our purposes. The fundamental represe
as we defined here, is unique, corresponds tom = 1 case and is given by(4).

3.2. Tensor product, Young tableaux and irreducible representations

It is well known that the tensor products of different number of fundamental re
sentations contain all irreduciblesl(n,C) multiplets. As it was mentioned above, the
multiplets are described by Young tableaux.Let us describe this procedure in detail.

For the convenience, the two kinds of parametrization forsl(n,C) Young tableauY are
used in this article: parametrization by row lengths and by column lengths.

Notation 1. Let {N1, . . . ,Nν} be a partition ofN , i.e., N1 + · · · + Nν = N , of length
ν � n given in non-ascending orderN1 � · · · � Nν > 0. Denote byY[N1, . . . ,Nν ] (in
square brackets) the Young tableau withN boxes andν rows,ith row containingNi boxes.
Similarly, denote byY(N1, . . . ,Nν) (in standard brackets) the Young tableau withN boxes
andν columns,ith column containingNi boxes.

Remember that on the product spaceVN (2), thesl(n,C) elements act in the standa
way:

ρN(x) =
N−1∑
i=0

xi,

(7)wherexi = ρf
i(x) = 1 ⊗ · · · ⊗ 1 ⊗ ρf(x)︸ ︷︷ ︸

i

⊗1 ⊗ · · · ⊗ 1 andx ∈ sl(n,C).

The actionρN is invariant with respect to the permutation algebra. The irreduc
representations, contained inVN , are obtained after the appropriate symmetrizati
antisymmetrization procedure described below. Distribute theN indexes, correspondin
to differentVn in the tensor productVN , among the boxes ofY[N1, . . . ,Nν]. We obtain
an indexedYoung tableau, each box of which is assigned to some site. Then carr
the symmetrization over all indexes in eachrow separately with the subsequent antisy
metrization over the columns. The resulting multiplet will be irreducible. The multip
constructed in this way from the Young tableaux of different shapes are orthogonal to e
other and belong to different equivalence classes, while the multiplets obtained fro
same Young tableauY, are equivalent and form the sectorVN

Y
as was already mentione

in Section2. The different subspacesVN
Y

in the decomposition(2) are orthogonal.

Example 2. Let N = 3 and consider theY[2,1] = tableau. The representation, co
structed from the index distribution corresponds to the symmetrization of first and
third indexes and the subsequent antisymmetrization of the first and second ones.
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Remark 4. All columns in Young tableau have to contain no more thann boxes to ensure
the antisymmetrization over the column indexes does not vanish. This fact explai
conditionν � n we used above forY[N1, . . . ,Nν]. Note that then-length columns can b
eliminated fromY, because they produce the trivial one-dimensionalsu(n) singlet. This
gives rise to lower order tensor representation. However, as was mentioned in Sectio2, we
do not cut the columns and consider theN -box Young tableaux only, because in this arti
we consider the multiplets, which appear in the decomposition(2) of the tensor product o
N fundamental representations.

Now we will describe in detail the irreducible representationρY, corresponding to
Young tableauY. Assigning to every box inY a basic state|k〉 (k = 1, . . . , n) from the
corresponding site and performing the symmetrization–antisymmetrization procedure a
was described above, we will obtain some state from the multipletρY. Thus, to any dis-
tribution ofn colors among the Young tableau boxes, i.e., to anycoloredYoung tableau, a
state (possibly, vanishing) of the multipletρY corresponds. Among them one can cho
the following basic states.

Definition 3. The standard basic statesin ρY are those, whose color values inside
boxes ofY do not decrease in left-to-right direction and increase in up-to-down direc

Other states either are expressed in terms of the basic ones or are vanished.

Example 3. Considersl(3,C) algebra acting on(N = 3)rd order tensor spaceV3. The
representationρY[2,1] is eight-dimensional and the following states form the standard b
there:

(8)

Example 4. The fundamental representationρf (4) is described by the single box table
Y[1] = Y(1) = � and hasn states = |k〉, wherek = 1, . . . , n. The Young tableauY(m)

consisting of one column describes themth order antisymmetric representation with
mensionsCm

n = n!/(m!(n − m)!) provided that 2� m � n − 1.

The above mentioned standard basic states constitute the weight space states ofρY, i.e.,
they are diagonal with respect to the Cartan subalgebrah of sl(n,C). Namely, any state
Ψ λ

Y
from the standard basis obeys the equationρY(h)Ψ λ

Y
= λ(h)Ψ λ

Y
, whereh ∈ h and the

weightλ is expressed in terms of the linear formsεi defined in Section3.1as

(9)λ = λÑ1...Ñn
=

n∑
i=1

Ñi εi,

whereÑi is the number of boxes inY filled with ith color. Among the basic states, the
λY
is the unique highest weight stateΨY = Ψ
Y

, which is annihilated by all rising elements
eα ∈ b+. The corresponding highest weightλY has the coefficients̃Ni equal to row lengths
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(a)

(b)

Fig. 2. (a) The highest weight statesΨY for different type Young tableaux. Theith row should be filled byith
color. (b) The highest weight state constructed in(10) for ρY[3,2,1] (N = 6, n � 3). The site’s index, assigned
each box, is given in the subscript.

Ni of Y = Y[N1, . . . ,Nν] for i � ν and are zero fori > ν: λY = ∑ν
i=1 Niεi . This known

result is used in the article so below its complete proof is given.

Proposition (The structure of the highest weight state). The highest weight stateΨY cor-
responds to such distribution of colors inY that all boxes inith row have the same colori.
(SeeFig. 2(a))

Proof. Note that the symmetrization over the rows ofY = Y[N1, . . . ,NM1] = Y(M1, . . . ,

MN1) is trivial for the states of this type. So,the antisymmetrization for each column
remains to be performed only. Without the loss of generality one can suppose th
first N1 sites ofVN are assigned to the first column ofY in ascending order in downwar
direction, nextN2 sites to the second one, etc. SeeFig. 2(b) for the example. Then for th
highest weight state of the constricted multiplet we have

(10)ΨY(M1,...,MN1) = √
M1! · · ·MN1!

N1⊗
i=1

Q−
Mi

|1 2. . .Mi − 1Mi〉.

HereQ−
M is the antisymmetrization operator

Q−
M |k1 k2 . . . kM−1 kM〉

(11)= 1

M!
∑

{pi}∈Perm(M)

εp1p2...pM−1pM |kp1 kp2 . . . kpM−1 kpM 〉,

whereεp1...pM is the standardMth order absolutely antisymmetric tensor and by Perm(M)

the group of the permutations of successive numbers{1, . . . ,M} is denoted. Thus,(10)
decouples on tensor product ofN1 parts, each consisting of antisymmetrization of
tensor product|1 2. . .Mi − 1Mi〉. The rising elementsρN(eα), α ∈ ∆+, acting on each
multiplier factor in the right-hand side of(10)vanish (see(7)):

Mi∑ Mi∑

(12)

m=1

ρf
m(eα)Q−

Mi
|1 2. . .Mi − 1Mi〉 =Q−

Mi

m=1

ρf
m(eα)|1 2. . .Mi − 1Mi〉 = 0.
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Indeed,ρf(eα)|k〉 equals either to zero or to some|k′〉 with k′ < k. In the second case, th
corresponding term of the sum in(12)vanishes too due to the antisymmetrization over
equal states|k′〉 performed in(12). �

4. Relative ground states on weight subspaces

For our purposes it is convenient to use another form of the Hamiltonian(1). For the
chain with fundamental representation considered in this article, the nearest-neigh
teractions in(1) are expressed in terms of the permutations:

(13)Ĥ =
D(N)∑
l=1

Jl l+1Pl l+1 =H+ 1

n

D(N)∑
l=1

Jl l+1,

wherePij permutes the colors ofith andj th sites resting other sites unchanged:

Pij | . . . ki
i

. . . kj
j

. . .〉 = | . . . kj
i

. . . ki
j

. . .〉

andD(N) is defined in(1). ThusĤ differs fromH by a non-essential scalar term.
For any sequenceNi � 0 obeyingN1 + · · · + Nn = N , we define byVN

N1...Nn
the sub-

space inVN spanned by states|k1 . . . kN 〉, which containN1 colors of type 1,N2 colors of
type 2, etc., i.e.,{#i | ki = k,1� i � N} = Nk . In other words using(7):

(14)VN
N1...Nn

:= span
{|k1 . . . kN 〉|ρN(eii )|k1 . . . kN 〉 = Ni |k1 . . . kN 〉,1 � i � n

}
.

This subspace is diagonal with respect to the Cartan subalgebra:ρN(h)|
V

N
N1...Nn

=
λN1...Nn(h) · 1 for any h ∈ h. It is called aweight subspace corresponding to weig
λN1...Nn := ∑n

i=1 Niεi . Given one representative|k1 . . . kN 〉 ∈ VN
N1...Nn

any other state

|k′
1 . . . k′

N 〉 ∈ VN
N1...Nn

can be obtained from it by some permutation{pi} ∈ Perm(N) as
|k′

1 . . . k′
N 〉 = |kp1 . . . kpN 〉.

The defined subspaces constitute together the total space of the states:

(15)VN =
N1+···+Nn=N⊕

Ni�0

VN
N1...Nn

.

Due to the symmetry with respect to the diagonal subalgebrah, the Hamiltonian(13) is
invariant on the subspacesVN

N1...Nn
. Hence, its restrictionĤ|

V
N
N1...Nn

on VN
N1...Nn

is well

defined. We call below the minimal energy states ofĤ|
V

N
N1...Nn

as therelativeground states

in contrast to the total ground state ofĤ on the entire spaceVN .

4.1. Uniqueness condition for the relative ground states
Before studding the properties of minimal energy states in the subspacesVN
N1...Nn

we
provide the following definition for the parity of the sequence{k1, . . . , kN }.
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Definition 4. We say that fori < j , ith andj th elements in sequence{k1, . . . , kN } are
disorderedif ki > kj , otherwise (ki � kj ) they areordered. Define theparity σk1...kN =
±1 of the sequence{k1, . . . , kN } as the parity of the number of all disordered pairs in
σk1...kN = (−1){#(i<j) | ki>kj }.

Now we formulate the main result of the current section.

Lemma 3. The Hamiltonian(13) has unique ground state on each subspaceVN
N1...Nn

in

case of an open chain. In case of a periodic chain, the ground state onVN
N1...Nn

is unique,
if all non-zero color multiplicitiesN1, . . . ,Nn have the same parity(even or odd): Ni ≡
Nj (mod 2) if NiNj > 0.

Proof. We will prove the lemma in three steps. First, we will find the basis, in wh
all non-zero off-diagonal matrix elements ofĤ are negative. Then we will show that th
corresponding matrix is connected (seeDefinition 5of connected matrix inAppendix A).
In the last step, by applying the Perron–Frobenius theorem (seeAppendix A), we will
conclude that the ground state is unique.

The parity introduced inDefinition 4 above has the following nice property: for op
chains, it changes the sign under the permutation of neighboring colors provided that the
differ from each other:

(16)σk1...ki ki+1···kN = (−1)
1−δki ki+1σk1...ki+1ki ···kN .

In order to make sure of this, note that(ki, ki+1) is the only pair of colors, which change
the ordering under the permutationki ↔ ki+1. Now it is easy to see that the basis we
looking for is

(17)|k1 . . . kN 〉 = σk1...kN |k1 . . . kN 〉, where|k1 . . . kN 〉 ∈ VN
N1...Nn

.

Indeed, sinceĤ (13) is a sum of nearest-neighbor permutations with positive coeffic
(Jl l+1 > 0), its non-zero off-diagonal elements in the basis(17)have to be negative.

It is evident that every two basic elements of this type inVN
N1...Nn

could be connected b

successive permutations of neighboring colors, which proves the connectivity ofĤ|
V

N
N1...Nn

in this basis. The application of the well-known Perron–Frobenius theorem, which is
with the proof inAppendix A, finishes the proof for the chains with the open bound
conditions.

For the rings, however,̂H can have positive off-diagonal elements in the basis(17)due
to the last,N th term in(13). Indeed, the assertion that the parity changes the sign u
the permutation of the first and the last colors if they differ from each other is not tru
in general. It is valid, however, provided that the non-zero color multiplicities have
same parity. Indeed, suppose thatk1 �= kN and exchangek1 andkN in σk1...kN using the
successive nearest-neighbor permutations. While permuting withith color, which differs
from k1 andkN (ki �= k1, ki �= kN ), bothk1 andkN produce sign factors−1, which are
cancelled out together. Hence, it remains to take into account the permutations w
colors equal to eitherk1 or kN :
(18)σk1k2...kN−1kN = (−1)Nk1+NkN
−1σkN k2...kN−1k1, if k1 �= kN.
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Thus, the minus sign occurs, if and only if all non-zeroNi have the same parity. The pro
for the rings is completed also.�
Remark 5. Let ΩN1...Nn ∈ VN

N1...Nn
be the relative ground state. During the proof

Lemma 3the basis(17) in this subspace has been found where all non-zero off-diag
elements ofĤ are negative. The Perron–Frobenius theorem asserts also (seeAppendix A)
that all coefficients ofΩN1...Nn in this basis should bestronglypositive:

(19)ΩN1...Nn =
|k1...kN 〉∈V

N
N1...Nn∑

1�k1,...,kN �n

ωk1...kN |k1 . . . kN 〉, whereωk1...kN > 0.

This property of the relative ground state will be used below.

Remark 6. In su(2) case, there are two colors andVN
N1N2

is formed by the states withN1
spin-up andN2 spin-down sites, i.e., corresponds toSz = (N1 − N2)/2 subspace. If the
ring contains even number of sites (N = 2N ′), then bothN1 andN2 have the same parit
and all spinSz subspaces have unique ground states. This is in accordance with the
results aboutsl(2,C) symmetric chains on a bipartite lattice. If, however, the ring cont
odd number of sites (N = 2N ′ + 1, the lattice is not bipartite), then the parities ofN1 and
N2 differ. Recent numerical investigations show that the ground states in this case are
fact degenerate[20,21]. Hence, one could suppose, that the condition ofLemma 3for the
periodic chains is strong enough.

Remark 7. In fact Lemma 3possesses generalization to bipartite lattices forsu(2) sym-
metric modelsonly. Indeed, letA andB are two disjoined sublattices of bipartite latticeL.
Enumerate the sites ofA by successive odd numbers (iA = 1,3,5, . . .) and the sites ofB
by successive even numbers (iB = 2,4,6, . . .). It is easy to verify that the spin exchan
betweenith andj th sites affects on the parity asσ...ki ...kj ... = (−1)i−j σ...kj ...ki ... provided
that ki �= kj . Note that this property is valid forn = 2 only, whereki = 1,2. Since the
interaction presents between the even and odd sites only, we conclude that all off-di
matrix elements of thesu(2) symmetric Hamiltonian in the basis(17) on bipartite lattice
are negative.

5. Relative ground states on the multiplet subspaces VN
Y

5.1. Multiplets containing relative ground statesΩN1...Nn

In the previous section, using the symmetry ofĤ with respect to the diagonal subalgeb
h of sl(n,C), the ground state degeneracy ofĤ on the weight subspacesVN

N1...Nn
have been

studied. However, as was already mentioned, the Hamiltonian possesses the symme
with respect to entiresl(n,C) algebra and has block-diagonal form with respect to

decomposition(2) on non-equivalent multiplet sectorsVN

Y
. To which multiplet sector does

belong the relative ground stateΩN1...Nn? The following lemma adverts to this question.
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Lemma 4. For the open chain, the relative ground stateΩN1...Nn belongs to theY mul-
tiplet sectorVN

Y
, whereY = Y[Np1, . . . ,Npν ], the permutation{pi} ∈ Perm(n) is chosen

to satisfyNp1 � · · · � Npn and ν � n is the number of non-zeroNi , i.e., Npν > 0 and
Npν+1 = 0. For the periodic chain, the conditionΩN1...Nn ∈ VN

Y
is fulfilled if all ν non-zero

color multiplicities have the same parity.

Proof. According toLemma 3and under the given conditions, the relative ground s
ΩN1...Nn is non-degenerate and all its coefficients in the basis(17) are positive as it wa
mentioned inRemark 5.

First, we will construct a stateΨ {pi }
Y

, belonging to the sectorVN
Y

, which has non-zero
overlap with the relative ground stateΩN1...Nn . Let Mi , 1 � i � m = Np1, is the length
of the ith column inY. Using the notation from Section3.2 we can express the sam
Young tableau asY = Y(M1, . . . ,Mm). Attach to the box, which is located onith row and
j th column ofY the (i + ∑j−1

j ′=1 Mj ′ )th site of the chain. In other words, the site inde
increase successively along the columns. Assign to each box ofith row thesamecolor
state|pi〉. Fig. 3describes this procedure on a concrete example. The stateΨ

{pi}
Y

, obtained
in this way, is the tensor product ofm antisymmetrized parts corresponding to column
left-to-right direction:

Ψ
{pi }
Y

=
√

M1! · · ·Mm!Q−
M1

|p1 . . .pM1〉 ⊗Q−
M2

|p1 . . .pM2〉
(20)× ⊗ · · · ⊗Q−

Mm
|p1 . . .pMm〉.

Note that for the trivial permutationpi = i, 1 � i � n, the state aboveΨ {pi }
Y

coincides
with the expression of the highest weight state of the current representation, given i(10):
Ψ

{i}
Y

= ΨY. Using(11), (16)and(17), the state defined above can be presented as foll

Ψ
{pi }
Y

= σp1...pN√
M1! · · ·Mm!

×
1�j�m∑

{q(j)
i }∈Perm(Mj )

|p
q

(1)
1

. . .p
q

(1)
M1

p
q

(2)
1

. . .p
q

(2)
M2

. . .p
q

(m)
1

. . . p
q

(m)
Mm

〉

(21)= σp1...pN√
M1! · · ·Mm!

∑
{qi }∈Perm(N |M1,...,Mm)

|pq1 . . . pqN 〉,

where by Perm(N |M1, . . . ,Mm) the following subgroup of whole permutation gro
Perm(N) is denoted. DivideN successive numbers onm blocks,j th block containingMj

numbers. The numbers are permuted resting each inside of its block. By the const
we have: Perm(N |M1, . . . ,Mm) = ⊗m

j=1 Perm(Mj ). Note that in the derivation of(21)we
have used the fact that all numbers in each set{p1, . . . , pMj }, 1� j � m, are different.

We conclude from(21) that the non-zero coefficients of the stateΨ
{pi }
Y

expressed in
terms of the basis(17) have thesamesign equal toσp1...pN . According to Remark5 all

coefficients of the relative ground state in the same basis are positive. Hence the scalar
product of both states should be non-zero:(Ψ

{pi }
Y

,ΩN1...Nn) �= 0.
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Fig. 3. The construction of statesΨ
{p1,p2,p3}
Y[3,2,1] (20) for different permutations{p1,p2,p3} ∈ Perm(3), each hav-

ing non-zero overlap with the corresponding relative ground stateΩp1p2p3 (19), in case ofsu(3) symmetric
six-site chain. The multiplet, to which all they belong, is characterized by the Young tableauY[3,2,1]. The site
indexes, given as a subscripts with respect to the colors, grow successively along the columns.

Thus, we have constructed a stateΨ
{pi}
Y

∈ VN
Y

, which has an overlap with the relativ
ground stateΩN1...Nn . Suppose now thatΩN1...Nn does not belong toY multiplet sector
VN

Y
. This means that it containsa part belonging to the othermultiplet sectors, i.e., ca

be decomposed as:ΩN1...Nn = µΨ
{pi }
Y

+ Ψ⊥, whereµ �= 0 andΨ⊥ ⊥ VN
Y

. SinceĤ has

block-diagonal form with respect to the decomposition(2), bothΨ
{pi }
Y

andΨ⊥ should also
be an eigenstates with thesameeigenvalue asΩN1...Nn . Obviously all these states belon
to the weight subspaceVN

N1...Nn
. This contradicts with the conditions of the uniquenes

the relative ground state inVN
N1...Nn

already proved inLemma 3. Thus, we conclude tha

ΩN1...Nn ∈ VN
Y

. This completes the proof.�
According toLemma 4, for open chains all relative ground states in the weight s

spacesVN
Np1 ...Npn

differing by permutations{pi} ∈ Perm(n) of color multiplicities belong

to the same multiplet sectorVN
Y

, whereY = Y[N1, . . . ,Nν] andN1 � · · · � Nn � 0. For
rings the same is true for the weight subspaces whose non-zero color multiplicitie
the same parity. Actually it appears that they all belong to one irreducible represen
ρY. Namely, the following proposition is valid.

Proposition 5. Consider a partition ofN such thatN1 � · · · � Nn � 0. For open chain
all relative ground statesΩNp1 ...Npn

, where{pi} ∈ Perm(n), belong to one multipletV Ω
Y

⊂
VN

Y
, whereY = Y[N1, . . . ,Nν] andν � n is the number of non-zeroNi , i.e.,Nν > 0 and

Nν+1 = 0. The multipletV Ω
Y

combines all lowest energy states inY multiplet sectorVN
Y

.
For periodic chain the same result is true provided that the Young tableauY has a certain
parity in sense ofDefinition2 .

Proof. Note that if the Young tableauY[N1, . . . ,Nν] has a certain parity thenNi ≡
Nj (mod 2) for all 1 � i, j � ν, i.e., the condition ofLemma 4for rings is fulfilled.

According toLemma 4, the relative ground stateΩNp1 ...Npn
belongs to some irreducib

sl(n,C) representation spaceV Ω,{pi }
Y

⊂ VN
Y

. It follows from the irreducibility ofV Ω,{pi }
Y

andsl(n,C) symmetry ofĤ that all the states of this representation are eigenstates of the
Hamiltonian with thesameeigenvalueENp1 ...Npn

: Ĥ|
V

Ω,{pi }
Y

= ENp1 ...Npn
· 1.
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From the other hand, the subspaceV
Ω,{pi }
Y

, like any irreduciblesl(n,C) representa

tion described by Young tableauY = Y[N1, . . . ,Nν ], contains the statesΨ {qi }
Y

(20) from
the weight subspacesVN

Nq1 ,...,Nqn
for all permutations{qi} ∈ Perm(n). Suppose now tha

ENp1 ...Npn
< EN1...Nn . This suggestion contradicts with the fact thatΩN1...Nn is the relative

ground state on the subspaceVN
N1...Nn

. Similarly, the inverse relationENp1 ...Npn
> EN1...Nn

contradicts with the fact thatΩNp1 ...Npn
is the relative ground state on the subsp

VN
Np1 ...Npn

.

So, all eigenvalues have to be equal:ENp1 ...Npn
= EN1...Nn . The uniqueness of the relativ

ground statesΩNp1 ...Npn
, proved inLemma 3, implies that all considered multiplets ha

to coincide:V Ω
Y

:≡ V
Ω,{pi}
Y

. Since anyY multiplet has a representative in weight subsp
VN

N1...Nn
, the spaceV Ω

Y
containsall lowest energy states belonging toY multiplet sector. In

terms of the notation used inTheorem 1we have:EN1...Nn = E(Y). The proof is completed
now. �
Remark 8. Obviously, the relative ground stateΩN1N2...Nn−1Nn is the highest weight stat
of the multipletV Ω

Y
while ΩNnNn−1···N2N1, whose color multiplicities are places in rever

non-descending order, is its lowest weight state. The later is a state annihilated by a
ering elementseα ∈ b− defined in Section3.

5.2. The ordering of relative ground state energy levelsE(Y): proof ofTheorem 1

Proposition 5, in fact, classifies the relative ground states in weight subspaces in ter
irreduciblesl(n,C) representations. Namely, for any ordered partitionN1 � · · · � Nn � 0
of N the lowest energy states inVN

Np1 ...Npn
for all permutations{pi} ∈ Perm(n) are com-

bined in the sameY multiplet, Y = Y[N1, . . . ,Nn], with the energy eigenvalueE(Y)

corresponding to the minimal energy level among allY multiplets.
However the following question remains open: how are different relative ground

energy valuesE(Y) related to each other? In other words, could we compare the lowe
energy values of two different weight subspacesVN

N1...Nn
and VN

N ′
1...N

′
n

if the sequence

{N1, . . . ,Nn} and{N ′
1, . . . ,N

′
n} do not come to each other by a permutation? In this c

ΩN1...Nn andΩN ′
1...N

′
n

belong to different non-equivalent representationsρY andρY′
. We

advert to this problem in the current section.
The following proposition indicates the conditions under which the lowest energy leve

E(Y) andE(Y′) in different multiplet sectorsVN
Y

andVN
Y′ may be compared.

Proposition 6. Consider two differentsu(n) Young tableaux,Y′ = Y[N ′
1, . . . ,N

′
ν ′ ] being

arbitrary and Y = Y[N1, . . . ,Nν] being either even or odd in case of the ring, wh
ν, ν′ � n. Suppose that the highest weightλY of ρY is also a weight ofρY

′
. ThenE(Y′) >

E(Y).

Ω
Proof. Denote byV
Y

the space spanned by the relative ground states of theY multiplet
sectorVN

Y
. The corresponding eigenvalue isE(Y) according to the notation inTheorem 1.
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So, we have:Ĥ|V Ω
Y

≡ E(Y) · 1 andĤ|V Ω
Y′ ≡ E(Y′) · 1. Note that in case of open chain, a

cording toLemma 4andProposition 5, bothV Ω
Y

andV Ω
Y′ are spaces of states ofirreducible

representationsρY andρY
′
correspondingly. In case of ring, this is true forV Ω

Y
only while

the sl(n,C) action onV Ω
Y′ may bereducibleconsisting of few multiplets each equivale

to ρY
′
.

Consider the weight subspaceVN
N1...Nn

corresponding to the highest weightλY =∑n
i=1 Niεi of ρY. Remember that as usually we setNi = 0 for all i > ν. According to

Lemma 3the HamiltonianĤ being restricted on it has non-degenerate ground stateΩY =
ΩN1...Nn , which belongs toV Ω

Y
due toLemma 4. Thus we have:ΩY ∈ VN

N1...Nn
∩V Ω

Y
. The

spaceV Ω
Y′ has non-zero intersection with the weight subspaceVN

N1...Nn
becauseλY is also

a weight ofρY
′
. Take some stateΩ ′

Y′ belonging to this intersection:Ω ′
Y′ ∈ VN

N1...Nn
∩ V Ω

Y′ .

Then(Ω ′
Y′,ΩY) = 0 because the subspacesV Ω

Y
andV Ω

Y′ are mutually orthogonal as no
equivalentsl(n,C) representations. Both states are eigenstates of the Hamiltonian
eigenvaluesE(Y) and E(Y′): ĤΩ ′

Y′ = E(Y′)Ω ′
Y′ , ĤΩY = E(Y)ΩY. Hence,E(Y′) >

E(Y) because the relative ground stateΩY of the subspaceVN
N1...Nn

is non-degenerate
This completes the proof.�

Does a simple method exist in order to detect if the highest weight of some irred
representationρY belongs to the weight space of another representationρY

′
? The prob-

lem can be resolved by comparative examination of the shapes of corresponding
tableauxY andY′.

Proposition 7. Let Y = Y[N1, . . . ,Nν] and Y′ = Y[N ′
1, . . . ,N

′
ν ′ ] be two differentsu(n)

Young tableaux, i.e.,ν, ν′ � n. Then the weight space ofρY′
contains the highest weight o

ρY if and only ifY′ � Y with the partial order introduced inDefinition1 .

Proof. Recall Definition 3, where the standard basis for anysl(n,C) representation in
terms of Young tableaux is given. To every basic state a Young tableau, colored a
ing to the following rule, corresponds. The colors of the boxes along the rows a
non-descending order rightwards, while along the columns they are in ascending
downward. See(8) as an example.

Suppose thatY′ � Y. According toDefinition 1, the tableauY′ is reduced toY after
lowering some of its boxes. In the colored Young tableau, corresponding to the h
weight stateΨY′ , these boxes have the colors equal to their row numbers (seeFig. 2). We
now relabel them according to their new row positions without move them down. Obv
ously, we get in this way another state ofρY

′
, which also belongs to the standard ba

It is clear that its weight coincides with the highest weightλY of ρY. This proves the
first part of the proposition. As an example,look at the first and last tableaux drawn
Fig. 4.

Suppose now thatλY is also a weight ofρY
′
. This means that a stateΨ λY

Y′ from the
Y Y λY λY
standard basis ofρ exists, which satisfy the relationρ (h)Ψ

Y′ = λY(h)Ψ
Y′ for any

elementh ∈ h. Compare this state with the highest weight stateΨY′ of ρY
′
. According
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Fig. 4. The colored Young tableau corresponding to the highest weight stateΨY = Ψ
λY

Y
of the multipletρY,

whereY = Y[3,2,1] andλY = 3ε1 + 2ε2 + ε3, is shown on the left. In the center the same tableau is draw

the stateΨ
λ

Y′
Y

of thesamemultiplet corresponding to the weightλY′ = 2ε1 + ε2 + ε3 + ε4 + ε5. The later is the

highest weight of another representationρY
′
, whereY′ = Y[2,1,1,1,1] = Y(5,1). The corresponding highes

weight stateΨY′ = Ψ
λ

Y′
Y′ is shown on the right.

to Definition 3 of the standard basis, the color of any box in the colored Young tab
corresponding toΨ λY

Y′ is greater than or equal to its row position. If it is greater, let us
down this box to new row position correspondingto its color. Repeating this procedure f
all such boxes, we will arrive to the colored Young tableauY corresponding to the highe
weight stateΨ λY

Y
of ρY. Hence,Y′ � Y. This proves the second part of the proposition.�

So, the proof of the main result of this article is completed now.Theorem 1follows
directly fromPropositions 5, 6 and 7.

Example 5. As an example consider the chain withN � n sites. This is the simplest cas
where some exacts results exist, which would help to test our results. It is easy to see t
the minimal energy representation corresponds to uniqueN th order totally antisymmetri
tensor corresponding to one-column Young tableauY(N), i.e., to theantiferromagnetic
states. Indeed, only for this representation all adjacent permutationsPi i+1, which make
up the HamiltonianĤ, take their minimal value, which equals−1. Similarly theferromag-
neticstates constituting the unique totally symmetric tensor, which corresponds to on
Young tableauY[N], have the highest energy level, because the permutations take th
maximal value equal 1 there. Therefore for any Young tableauY, which corresponds t
other multipletρY contained in theN -fold tensor productρN = ⊗Nρf , the inequality

E
(
Y(N)

)
< E(Y) < E

(
Y[N]),

whereE
(
Y(N)

) = Emin = −
D(N)∑
l=1

Jl l+1, E
(
Y[N]) = Emax=

D(N)∑
l=1

Jl l+1

takes place. From other side, it is clear that the Young tableau orderingY(N) ≺ Y ≺ Y[N]
exists in accordance withTheorem 1. Note that the totally symmetric representationρY[N]
exists for any value ofN . Hence the inequalityE(Y) < E(Y[N]) for any Y � Y[n] is
obeyed forsu(n) symmetric chain of arbitrary length.

6. Conclusion
In this article the energy level ordering ofsu(n) symmetric antiferromagnetic nearest-
neighbor chain with fundamental representation is studied. The translation invariance is
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not implied and the site-dependent coupling coefficients can have arbitrary positive v
Below the main results are summarized briefly and discussed.

Due tosu(n) symmetry the Hamiltonian is invariant on eachY multiplet sector, where
the Young tableauY parameterizes the equivalence class ofsu(n) multiplets constituting
this sector. We have proved in this article that for chains with open boundary cond
the lowest energy levelE(Y1) in Y1 sector is less than the lowest energy level inY2 sector
if Young tableauY1 can be obtained fromY2 pulling some of its boxes to lower row
positions. Using the partial order for Young tableaux introduced in this article we
write: E(Y2) < E(Y2) if Y1 ≺ Y2. Moreover, only one multiplet exists inY1 sector, which
has the lowest energy levelE(Y1). In this sense the relative ground state multiplets
non-degenerate. For chains with periodic boundary conditionsthe same assertion remai
true provided that all rows of lower Young tableauY1 contain either even or odd numb
of boxes and there is no restriction onY2.

This result generalized well-known Lieb–Mattis energy level ordering theorem[7] for
su(2) symmetric models tosu(n) symmetric chains. In contrast tosu(2) case, the orderin
is partial for higher symmetries (n > 2) even for open chains. This means that not all l
els of relative ground states can be compared in this way. This is clear from the fa
there aresu(n) Young tableaux, which cannot be obtained from each other by the displac
ment of some boxes downward (or upward). For higher symmetries the method u
this article is applied to chains with nearest-neighbor interactions only. Nevertheles
discovered ordering allows to obtain a significant information about low energy beh
of su(n) symmetric chains.

As an application of the ordering theorem thesu(n) structure and degree of degenera
of the chain’s ground state is found. It was established that the ground state issu(n) singlet
and non-degenerate if chain’s lengthN is a multiple ofn. This is true both for open chain
and for rings. Alternatively, for open chain, ifN divided byn has a non-zero remaind
m, i.e.,N ≡ m (modn), then the ground state is degenerate with the degree of degen
equal to the binomial coefficientCm

n . All ground states in this case formmth order anti-
symmetricsu(n) multiplet. In particular, ifm = 1 then it coincides with then-dimensional
fundamental representation.

Another result we have gotten concerns the relative ground states in the weigh
spaces. They have been proved to be unique for open chains. For rings the addition
parity condition for all non-zerosu(n) color multiplicities in the decomposition of corr
sponding weight should be fulfilled in order to satisfy the uniqueness condition. Moreo
if the weight is the highest weight of someY representation, when the respective rela
ground state is the highest weight state of theY multiplet, which has the lowest energ
valueE(Y) in entireY multiplet sector.
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Appendix A. Perron–Frobenius theorem

In this appendix for the convenience we formulate and give the proof of the well kn
Perron–Frobenius theorem (see, for instance, Ref.[22]). First, remember the definition o
the connected matrix.

Definition 5. The matrixaij is called connected if for any pair(i, j) a sequence of indexe
i1, i2, . . . , ik exists such thataii1ai1i2 · · ·aikj �= 0.

Theorem (Perron–Frobenius[22]). If a connected hermitian matrixA = {aij }|ni,j=1 has
no positive off-diagonal elements then it has non-degenerate ground stateψ = {ψi}|ni=1
with positive components, i.e.,ψi > 0.

Proof. Denote byλ the minimal eigenvalue ofA and byXλ the corresponding subspac
Any vectorψ , belonging toXλ, obeys

(A.1)
∑
i′ �=i

aii′ψi′ = (λ − aii)ψi .

Then the vectorψ ′
i := |ψi | with non-negative elements also belongs to this subspace.

follows from the inequality

(A.2)
∑
i,j

|ψi ||ψj |aij �
∑
i,j

ψ∗
i ψj aij

and from the properties ofA (aij � 0 if i �= j ). Thus,ψ ′ also satisfies(A.1).
We will prove now that all elements ofψ ′ (andψ) are non-zero. Indeed, suppose t

ψ ′
j = 0 for somej . From (A.1) we get:

∑
i,i �=j ajiψ

′
i = 0. In order to satisfy this, th

elementsψ ′
i , for which aji �= 0, should vanish too. BecauseA is aconnectedmatrix, we

conclude that all elementsψ ′
i should vanish. Thus, allψi are non-zero.

Turning back to the inequality(A.2), we observe now that the equality takes place o
if all coefficientsψi have the same sign, otherwise the left side isstrongly less than the
right side. So, ifψ ∈ Xλ thenψi > 0 for all i = 1, . . . , n up to an overall sign factor. Thi
proves the second part of the theorem.

Suppose now, there are two different minimal statesψ1,ψ2 ∈ Xλ. From the argument
above, one can consider them to be positive, i.e.,ψ

1,2
i > 0. Any non-zero superpositio

of ψ1 andψ2 also belongs toXλ. Evidently, among them one can choose one, which
the coefficients with alternating sign. This contradicts with the second part of the the
already proved. Thus, the spaceXλ is one-dimensional. �
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